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ADAMS OPERATIONS ON HIGHER ARITHMETIC K-THEORY
ELISENDA FELIU
Abstract. We construct Adams operations on the rational higher arithmetic
K-groups of a proper arithmetic variety. The definition applies to the higher
arithmetic K-groups given by Takeda as well as to the groups suggested by
Deligne and Soule´, by means of the homotopy groups of the homotopy fiber
of the regulator map. They are compatible with the Adams operations on
algebraic K-theory. The definition relies on the chain morphism representing
Adams operations in higher algebraicK-theory given previously by the author.
In this paper it is shown that a slight modification of this chain morphism
commutes strictly with the representative of the Beilinson regulator given by
Burgos and Wang.
Introduction
This paper contributes to the development of a higher arithmetic intersection
theory following the steps of the higher algebraic intersection theory but suitable
for arithmetic varieties. In [BF08], the author, together with Burgos, defined the
higher arithmetic Chow ring for any arithmetic variety over a field, extending the
construction given by Goncharov in [Gon05] which was valid only for proper arith-
metic varieties. The question that arises is whether these groups are related to
the higher arithmetic K-groups as given by Takeda or as suggested by Deligne and
Soule´ (see below). To this end, and inspired by the algebraic analogue, in this paper
we endow the higher arithmetic K-groups of an arithmetic variety (tensored by Q)
with a (pre)-λ-ring structure.
Let X be an arithmetic variety over the ring of integers Z. In order to define
the arithmetic Chern character on hermitian vector bundles, Gillet and Soule´ have
introduced in [GS90b] the arithmetic K0-group, denoted by K̂0(X). They endowed
K̂0(X) with a pre-λ-ring structure, which was shown to be a λ-ring structure by
Ro¨ssler in [Roe01]. This group fits in an exact sequence
(*) K1(X)
ρ−→
⊕
p≥0
D2p−1(X, p)/ imdD → K̂0(X)→ K0(X)→ 0,
with ρ the Beilinson regulator (up to a constant factor) and D∗(X, p) the Deligne
complex of differential forms with p-twist computing Deligne-Beilinson cohomology
with R coefficients and twisted by p, H∗D(X,R(p)).
Two different definitions for higher arithmetic K-theory have been proposed.
Initially, it was suggested by Deligne and Soule´ (see [Sou92, §III.2.3.4] and [Del87,
Remark 5.4]) that these groups should fit in a long exact sequence
· · · → Kn+1(X) ρ−→ H2p−n−1D (X,R(p))→ K̂n(X)→ Kn(X)→ . . . ,
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extending the exact sequence (*), with ρ the Beilinson regulator. This can be
achieved by defining K̂n(X) to be the homotopy groups of the homotopy fiber of
a representative of the Beilinson regulator (for instance, the representative “ch”
defined by Burgos and Wang in [BW98]).
If X is proper, Takeda has given in [Tak05] an alternative definition of the
higher arithmetic K-groups of X , by means of homotopy groups modified by the
representative of the Beilinson regulator “ch”. We denote these higher arithmetic
K-groups by K̂Tn (X). In this case, these groups fit in exact sequences
Kn+1(X)
ρ−→
⊕
p≥0
D2p−n−1(X, p)/ imdD → K̂Tn (X)→ Kn(X)→ 0,
analogous to (*). The two definitions do not agree, but, as proved by Takeda, they
are related by a natural isomorphism:
K̂n(X) ∼= ker(ch : K̂Tn (X)→ D2p−n(X, p)), n ≥ 0.
In this paper we give a pre-λ-ring structure on the higher arithmetic K-groups
K̂n(X)Q and K̂
T
n (X)Q. It is compatible with the λ-ring structure on the algebraic
K-groups, Kn(X), defined by Gillet and Soule´ in [GS99]. Moreover, for n = 0 we
recover the λ-ring structure of K̂0(X).
More concretely, we construct Adams operations
Ψk : K̂n(X)⊗Q → K̂n(X)⊗Q, k ≥ 0,
Ψk : K̂Tn (X)⊗Q → K̂Tn (X)⊗ Q, k ≥ 0,
which, since we have tensored by Q, induce λ-operations on K̂n(X) ⊗ Q and
K̂Tn (X)⊗Q.
To this end, it is apparently necessary to have a representative of the Adams
operations in algebraic K-theory, in terms of a chain morphism, which commutes,
at least up to a given homotopy, with the representative of the Beilinson regulator
“ch”. In [Fel09], the author constructed a chain morphism representing the Adams
operations in algebraic K-theory tensored by Q. In this paper, we show that
a slight modification of the construction in [Fel09] commutes strictly with “ch”,
and we deduce a pre-λ-ring structure for both K̂n(X) ⊗ Q and K̂Tn (X) ⊗ Q. The
modification needs to be introduced in order to deal with the fact that the Koszul
complex, when induced with its natural hermitian metrics, does not have zero Bott-
Chern form. A discussion on the Bott-Chern form of the Koszul complex is found
in section §4.2.
In order to work with K̂Tn (X)⊗ Q, we introduce the modified homology groups,
which are the homological analogue of the modified homotopy groups given by
Takeda and the dual notion of the truncated relative cohomology groups defined by
Burgos in [Bur97]. We show that the homology groups modified by “ch” give a
homological description of K̂Tn (X)⊗Q.
The paper is organized as follows. In the first section we review the construction
of the Beilinson regulator “ch” given by Burgos and Wang in [BW98]. Next, we
recall the definition of the arithmetic K-group of an arithmetic variety, K̂0(X), and
proceed to the description of the higher arithmetic K-groups, both the Deligne-
Soule´ version and the Takeda one. In the third section we introduce the modified
homology groups and show that the Takeda higher arithmetic K-groups admit
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a homological description after being tensored by Q. Finally, the last section is
devoted to the construction of Adams operations in higher arithmetic K-theory.
Notation. If A is an abelian group, we denote AQ := A⊗Q.
We follow the conventions and definitions on (co)chain complexes and iterated
(co)chain complexes as given in [BKK07, §2]. All (co)chain complexes are of abelian
groups.
If (A∗, dA) is a chain complex, we denote by ZAn the group of cycles of degree
n, that is, it consists of the elements z ∈ An such that dA(z) = 0. If f : A∗ → B∗
is a chain morphism, we denote by s(f)∗ the simple complex associated to f . This
is the same as the cone twisted by −1.
Given a chain complex B∗, let σ>nB∗ be its beˆte truncation that is, the complex
with
σ>nBr =
{
Br r > n,
0 r ≤ n,
and differential induced by the differential of B∗.
1. Higher Bott-Chern forms
Burgos-Wang construction of the Beilinson regulator, given in [BW98], plays
a key role in the definition of the higher arithmetic K-groups. Using the chain
complex of cubes, the transgression of vector bundles, and the Chern character
form of a vector bundle, they obtained a chain morphism whose induced morphism
in homology is the Beilinson regulator. The construction is based on the definition
of higher Bott-Chern forms. These forms are the extension to hermitian n-cubes of
the Chern character form of a hermitian vector bundle.
In this section we review this construction. For further details see the given
reference or alternatively see [BKK05, §3.2].
We focus the discussion on the case of smooth proper complex varieties, since
this will be the case in our applications. Nevertheless, most of the constructions can
be adapted to the non-proper case by using hermitian metrics smooth at infinity.
See the original reference for details.
1.1. Higher algebraic K-theory. Let P be a small exact category and let Kn(P)
denote the n-th algebraicK-group of P in the sense of Quillen in [Qui73]. Let S·(P)
be the Waldhausen simplicial set, defined in [Wal78], which computes the higher
algebraic K-groups of P , that is, we have
Kn(P) ∼= πi+1(|S·(P)|, {0}).
Denote by ∂i, si the face and degeneracy maps, respectively, of S·(P) and let ZS∗(P)
be the Moore complex associated to the simplicial set S·(P).
Let 〈0, 1, 2〉 be the category associated to the ordered set {0, 1, 2} and let 〈0, 1, 2〉n
be the n-th cartesian power. Given a functor
〈0, 1, 2〉n E−→ P ,
the image of an n-tuple j = (j1, . . . , jn) is denoted by E
j . For such a functor one
defines its faces by
(∂ki E)
j = Ej1...ji−1,k,ji,...,jn−1 ,
for all i ∈ {1, . . . , n}, k ∈ {0, 1, 2}, j ∈ {0, 1, 2}n−1.
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Definition 1.1. An n-cube E over P is a functor
〈0, 1, 2〉n E−→ P
such that for all j ∈ {0, 1, 2}n−1 and i = 1, . . . , n the sequence
(1) (∂0i E)
j → (∂1i E)j → (∂2i E)j
is a short exact sequence of P .
A functor E as above is usually called a cube and the sequences (1) being exact
make the cube be called an exact cube. Since we will only consider exact cubes, the
word exact is dropped from the terminology.
For every n ≥ 0, let Cn(P) denote the set of n-cubes over P . We have defined
face maps
∂ki : Cn(P) → Cn−1(P), i = 1, . . . , n, k = 0, 1, 2.
There are as well degeneracy maps defined (see for instance [BW98, §3])
ski : Cn−1(P) → Cn(P), i = 1, . . . , n, k = 0, 1.
If we write ZCn(P) to be the free abelian group on the n-cubes, the alternate
sum of the face maps, d =
∑n
i=1(−1)i(∂0i − ∂1i + ∂2i ), endows ZC∗(P) with a chain
complex structure with differential d.
Let
ZDn(P) =
n∑
i=1
s0i (ZCn−1(P)) + s1i (ZCn−1(P)) ⊂ ZCn(P),
be the subgroup generated by the degenerate cubes (i.e., those that lie in the image
of some degeneracy map). The differential of ZC∗(P) induces a differential on
ZD∗(P) making the inclusion arrow ZD∗(P) →֒ ZC∗(P) a chain morphism. The
quotient complex
Z˜C∗(P) = ZC∗(P)/ZD∗(P)
is called the chain complex of cubes in P .
The Cub morphism. As shown in Wang’s thesis [Wan] and in [McC97], to
every element E ∈ Sn(P) one can associate an (n− 1)-cube Cub(E) satisfying the
following property. For i = 1, . . . , n− 1, we have
∂0i CubE = s
0
n−2 · · · s0i Cub ∂i+1 · · · ∂nE,
∂1i CubE = Cub ∂iE,(2)
∂2i CubE = s
1
i−1 · · · s11Cub ∂0 · · · ∂i−1E.
It follows from these equalities that Cub gives a chain morphism
ZS∗(P)[−1] Cub−−→ Z˜C∗(P).
The composition of the Hurewicz morphism with the morphism induced by Cub in
homology gives a morphism
Cub : Kn(P) = πn+1(S·(P)) Hurewicz−−−−−−→ Hn(ZS∗(P)[−1]) Cub−−→ Hn(Z˜C∗(P)).
Moreover, McCarthy showed in [McC97] that this morphism is an isomorphism over
the field of rational numbers, that is, for all n ≥ 0, the morphism
(3) Kn(P)Q Cub−−→ Hn(Z˜C∗(P),Q)
is an isomorphism.
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Normalized complexes. Consider now the normalized chain complex NC∗(P)
introduced in [Fel09, §1.5], whose n-th graded piece is given by
NnC(P) :=
n⋂
i=1
ker ∂0i ∩
n⋂
i=1
ker ∂1i ⊂ ZCn(P),
and its differential is the one induced by the differential of ZC∗(P). In loc. cit. it
is shown that the composition
N∗C(P) →֒ ZC∗(P)։ Z˜C∗(P)
is an isomorphism of chain complexes.
LetNS∗(P) be the normalized complex associated to the simplicial abelian group
ZS·(P) given by
NSn(P) =
n⋂
i=1
ker ∂i, n ≥ 0,
and whose differential is ∂0. It follows from the relations in (2) that the morphism
Cub induces a chain morphism
NS∗(P)[−1] Cub−−→ NC∗(P).
1.2. Chern character form. In this subsection, all schemes are over C. As de-
fined in [Bur97], for every p ≥ 0, let D∗(X, p) denote the Deligne complex of
differential forms on X computing Deligne-Beilinson cohomology groups with real
coefficients twisted by p, H∗D(X,R(p)). We will write D2p−∗(X, p) for the chain
complex associated to the cochain complex D∗(X, p)[2p].
Let X be a smooth proper complex variety. A hermitian vector bundle E =
(E, h) is an algebraic vector bundle E over X together with a smooth hermitian
metric on E. The reader is referred to [Wel80] for details.
For every hermitian vector bundle E, by the Chern-Weil formulae one defines a
closed differential form
ch(E) ∈
⊕
p≥0
D2p(X, p),
representing the Chern character class ch(E) = [ch(E)] ∈ H∗dR(X). Although the
class of ch(E) is independent of the hermitian metric, the form depends on the
particular choice of hermitian metric.
The following properties are satisfied:
⊲ If E ∼= F is an isometry of hermitian vector bundles, then ch(E) = ch(F ).
⊲ Let E1 and E2 be two hermitian vector bundles. If E1 ⊕ E2 and E1 ⊗ E2
have the hermitian metrics induced by those on E1 and E2, then
ch(E1 ⊕ E2) = ch(E1) + ch(E2), and ch(E1 ⊗ E2) = ch(E1) ∧ ch(E2).
1.3. Hermitian cubes. Let X be a smooth proper complex variety. Let P(X) be
the category of vector bundles over X . Let P̂(X) be the category whose objects
are the hermitian vector bundles over X , and whose morphisms are given by
Hom bP(X)((E, h), (E
′, h′)) = HomP(X)(E,E′).
The category P̂(X) inherits an exact category structure from that of P(X).
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We fix a universe U so that P̂(X) is U-small for every smooth proper complex
variety X . Every vector bundle admits a smooth hermitian metric. It follows that
the forgetful functor
P̂(X)→ P(X)
is an equivalence of categories with its quasi-inverse constructed by choosing a
hermitian metric for each vector bundle. Therefore, the algebraic K-groups of X
can be computed in terms of the category P̂(X).
Denote by Ŝ·(X) the Waldhausen simplicial set corresponding to the exact cate-
gory P̂(X) and let ZĈ∗(X) = ZC∗(P̂(X)), Z˜Ĉ∗(X) = Z˜C∗(P̂(X)) and NĈ∗(X) =
NC∗(P̂(X)). The cubes in the category P̂(X) are called hermitian cubes.
Hermitian cubes with canonical kernels. Let E be a hermitian vector
bundle and let F ⊂ E be an inclusion of vector bundles. Then F inherits a hermitian
metric from the hermitian metric of E. It follows that there is an induced hermitian
metric on the kernel of a morphism of hermitian vector bundles. This allows to
extend the definition of cubes with canonical kernels given in [Fel09] to hermitian
cubes in the following sense.
Definition 1.2. Let E be a hermitian n-cube and let g0i : ∂
0
i E → ∂1i E denote the
morphism in the cube. We say that E has canonical kernels if for every i = 1, . . . , n
and j ∈ {0, 1, 2}n−1, there is an inclusion (∂0i E)j ⊂ (∂1i E)j of sets, the morphism
g0i : ∂
0
i E → ∂1i E
is the canonical inclusion of cubes and the metric on ∂0i E is induced by the metric
of ∂1i E by means of g
0
i .
The differential of a hermitian cube with canonical kernels is again a hermit-
ian cube with canonical kernels. Let ZKĈ∗(X) denote the complex of hermitian
cubes with canonical kernels. As usual, the quotient of the complex of cubes with
canonical kernels by the degenerate cubes with canonical kernels is denoted by
Z˜KĈ∗(X).
Remark 1.1. Burgos andWang [BW98, Definition 3.5] introduced the notion of emi-
cubes, in order to define the morphism “ch”. With the notation of last definition,
the emi-cubes are those for which the metric on ∂0i E is induced by the metric of
∂1i E, without the need of g
0
i to be the set inclusion. In loc. cit. the purpose was
that the Chern form of the transgression bundle associated to a cube defined a
chain morphism, and by the properties of “ch” stated in §1.2, this more relaxed
condition was sufficient. Our more restrictive notion arises because we require the
transgression map given in [Fel09] to define a morphism, before being composed
with the Chern form (see below).
Lemma 1.1. There is a chain morphism
λ : Z˜Ĉ∗(X)→ Z˜KĈ∗(X).
Proof. The morphism λ is defined in [Fel09] for cubes over the category of vector
bundles (not necessarily hermitian). The fact that the image by λ of a hermitian
cube is a hermitian cube with canonical kernels follows from [BW98, Lemma 3.7].

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1.4. The transgression bundle and the Chern character. Let P1 be the com-
plex projective line. Let x and y be the global sections of the canonical bundle O(1)
given by the projective coordinates (x : y) on P1. Let X be a complex variety and
let p0 and p1 be the projections from X × P1 to X and P1 respectively. Then, for
every vector bundle E over X , we denote
E(k) := p∗0E ⊗ p∗1O(k), ∀k.
The following definition is a variation of the original one from [BW98, §3].
Definition 1.3. Let
E : 0→ E0 f
0
−→ E1 f
1
−→ E2 → 0
be a short exact sequence. The first transgression bundle by projective lines of E,
tr1(E), is the kernel of the morphism
E1(1)⊕ E2(1) → E2(2)
(a, b) 7→ f1(a)⊗ x− b⊗ y.
Let E be an n-cube of vector bundles over X . We define the first transgression
of E as the (n− 1)-cube on X × (P1)1 given by
tr1(E)
j := tr1(∂
j2
2 . . . ∂
jn
n E), for all j = (j2, . . . , jn) ∈ {0, 1, 2}n−1,
i.e. we take the transgression of the exact sequences in the first direction. Since
tr1 is a functorial exact construction, the n-th transgression bundle can be defined
recursively as
trn(E) = tr1 trn−1(E) = tr1 n. . . tr1(E).
It is a vector bundle on X × (P1)n.
The Fubini-Study metric on P1 induces a metric on the line bundle O(1). We
denote by O(1) the corresponding hermitian line bundle.
Then, given a hermitian n-cube E, the transgression bundle trn(E) has a her-
mitian metric naturally induced by the metric of E and by the metric of O(1). If
E is an n-cube with canonical kernels, then we have
trn(E)|xi=0 = trn−1(∂1i E),
trn(E)|yi=0 ∼= trn−1(∂0i E)⊕⊥ trn−1(∂2i E),
where ∼= is an isometry and ⊕⊥ means the orthogonal direct sum.
Consider now the differential form Wn from [BW98, §6]:
Wn =
1
2n!
n∑
i=1
(−1)iSin,
with
Sin =
∑
σ∈Sn
(−1)σ log |zσ(1)|2
dzσ(2)
zσ(2)
∧ · · · ∧ dzσ(i)
zσ(i)
∧ dz¯σ(i+1)
z¯σ(i+1)
∧ · · · ∧ dz¯σ(n)
z¯σ(n)
.
Theorem 1.1 ((Burgos-Wang, [BW98])). Let X be a smooth proper complex va-
riety.
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(1) The following map is a chain morphism
Z˜Ĉn(X)
ch−→
⊕
p≥0
D2p−n(X, p),(4)
E 7→ chn(E) := (−1)
n
(2πi)n
∫
(P1)n
ch(trn(λ(E))) ∧Wn.
(2) The composition
Kn(X)
Cub−−→ Hn(Z˜Ĉ∗(X)) ch−→
⊕
p≥0
H2p−nD (X,R(p))
is the Beilinson regulator.

The form chn(E) is called the Bott-Chern form of the hermitian n-cube E.
Remark 1.2. Observe that, by means of the isomorphism NĈ∗(X) ∼= Z˜Ĉ∗(X), the
Chern character is also represented by the morphism
NĈ∗(X)
ch−→
⊕
p≥0
D2p−∗(X, p)
E ∈ NĈn(X) 7→ chn(E).
Differential forms and projective lines. For some constructions in the se-
quel, it is convenient to factor the morphism “ch” through a complex consisting
of the Deligne complex of differential forms on X × (P1)n. This construction was
introduced in [BW98].
Over any base scheme, the cartesian product of projective lines (P1)· has a
cocubical scheme structure. Specifically, the coface and codegeneracy maps
δij : (P
1)n → (P1)n+1, i = 1, . . . , n, j = 0, 1,
σi : (P1)n → (P1)n−1, i = 1, . . . , n,
are defined as
δi0(x1, . . . , xn) = (x1, . . . , xi−1, (0 : 1), xi, . . . , xn),
δi1(x1, . . . , xn) = (x1, . . . , xi−1, (1 : 0), xi, . . . , xn),
σi(x1, . . . , xn) = (x1, . . . , xi−1, xi+1, . . . , xn).
Let X be a smooth proper complex variety and fix P1 = P1C. The coface and
codegeneracy maps induce, for every i = 1, . . . , n and l = 0, 1, morphisms
δli : D∗(X × (P1)n, p) → D∗(X × (P1)n−1, p),
σi : D∗(X × (P1)n−1, p) → D∗(X × (P1)n, p).
Let D∗,∗P (X, p) be the 2-iterated cochain complex given by
Dr,−nP (X, p) = Dr(X × (P1)n, p)
and differentials (dD , δ =
∑n
i=1(−1)i(δ0i − δ1i )) and denote by D∗P(X, p) the associ-
ated simple complex.
Let (x : y) be homogeneous coordinates in P1 and consider
h = −1
2
log
(x− y)(x− y)
xx¯ + yy¯
.
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It defines a function on the open set P1 \ {1}, with logarithmic singularities along
1. Consider the differential (1, 1)-form
ω = dDh ∈ D2(P1, 1).
This is a smooth form all over P1 representing the class of the first Chern class of
the canonical bundle of P1, c1(OP1(1)).
For every n, denote by π : X × (P1)n → X the projection onto X and let
pi : X × (P1)n → P1 be the projection onto the i-th projective line. Denote, for
i = 1, . . . , n,
ωi = p
∗
i (ω) ∈ D2(X × (P1)n, 1)
Let
(5) Drn =
n∑
i=1
σi(Dr(X × (P1)n−1, p)),
be the complex of degenerate elements and let W∗n be the subcomplex of D∗(X ×
(P1)n, p) given by
(6) Wrn =
n∑
i=1
ωi ∧ σi(Dr−2(X × (P1)n−1, p− 1)).
This complex is meant to kill the cohomology classes coming from the projective
lines. We define the 2-iterated complex
D˜r,−nP (X, p) := D˜r(X × (P1)n, p) :=
Dr(X × (P1)n, p)
Drn +Wrn
and denote by D˜∗P(X, p) the associated simple complex.
Proposition 1.1. The natural map
D∗(X, p) = D˜∗,0P (X, p)
i−→ D˜∗P(X, p)
is a quasi-isomorphism.
Proof. The proof is analogous to the proof of [BW98, Lemma 1.3]. It follows from
an spectral sequence argument together with the fact that, by the Dold-Thom
isomorphism in Deligne-Beilinson cohomology,
(7) Hr(D˜∗(X × (P1)n, p)) = 0 ∀n > 0.

For the next proposition, • denotes the product in the Deligne complex as de-
scribed in [Bur97, §3].
Proposition 1.2 ((Burgos-Wang, [BW98])). There is a quasi-isomorphism of com-
plexes
D˜∗P(X, p)
ϕ−→ D∗(X, p),
given by
α ∈ Dr(X × (P1)n, p) 7→ π∗(α •Wn) =
{ 1
(2pii)n
∫
(P1)n
α •Wn n > 0,
α n = 0.
This morphism is the quasi-inverse of the quasi-isomorphism i of Proposition 1.1.

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Proposition 1.3 ((Burgos-Wang, [BW98])). The map
Z˜Ĉn(X)
ch−→
⊕
p≥0
D˜2p−nP (X, p),
E 7→ ch(trn(λ(E)))
is a chain morphism. Therefore, the morphism ch of (4) factors through the complex
D˜2p−∗P (X, p) in the form
Z˜Ĉn(X)
ch−→
⊕
p≥0
D˜2p−nP (X, p)
ϕ−→
⊕
p≥0
D2p−∗(X, p).

2. Higher arithmetic K-theory
In this section we focus on the definition of the higher arithmetic K-groups of
an arithmetic variety. We start by discussing the extension of the Chern character
on complex varieties to arithmetic varieties. Then, we recall the definition of the
arithmetic K-group given by Gillet and Soule´ in [GS90b]. Finally, the last two
sections are devoted to review the two definitions of higher arithmetic K-theory.
Following [GS90a], by an arithmetic variety we mean a regular quasi-projective
scheme over an arithmetic ring. In this section we restrict ourselves to proper arith-
metic varieties over the arithmetic ring Z. Note, however, that most of the results
are valid under the less restrictive hypothesis of the variety being proper over C.
Moreover, one could extend the definition of higher arithmetic K-groups, K̂n(X),
to quasi-projective varieties, by considering vector bundles with hermitian metrics
smooth at infinity and the complex of differential forms D˜∗P(X, p) introduced in the
previous section (and by considering differential forms with logarithmic singulari-
ties).
2.1. Chern character for arithmetic varieties. If X is an arithmetic vari-
ety over Z, let X(C) denote the associated complex variety, consisting of the
C-valued points on X . Let F∞ denote the complex conjugation on X(C) and
XR = (X(C), F∞) the associated real variety.
The real Deligne-Beilinson cohomology of X is defined as the cohomology of XR,
i.e.
HnD(X,R(p)) = H
n
D(XR,R(p)) = H
n
D(X(C),R(p))
F∗∞=id.
It is computed as the cohomology of the real Deligne complex:
Dn(X, p) = Dn(XR, p) = Dn(X(C), p)F∗∞=id,
that is, we have
HnD(X,R(p)) ∼= Hn(Dn(X, p), dD).
Definition 2.1. Let X be a proper arithmetic variety over Z. A hermitian vector
bundle E over X is a pair (E, h), where E is a locally free sheaf on X and where h
is a F ∗∞-invariant smooth hermitian metric on the associated vector bundle E(C)
over X(C).
Let P̂(X) denote the category of hermitian vector bundles overX . The simplicial
set Ŝ·(X) and the chain complexes ZĈ∗(X), Z˜Ĉ∗(X) and NĈ∗(X) are defined
accordingly.
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If E is a hermitian vector bundle over X , the Chern character form ch(E) is
F ∗∞-invariant. Therefore
ch(E) ∈
⊕
p≥0
D2p(X, p).
It follows that the chain morphism of (4) gives a chain morphism
ZŜ∗(X)[−1] Cub−−→ Z˜Ĉ∗(X) ch−→
⊕
p≥0
D2p−∗(X, p).
2.2. Arithmetic K0-group. In [GS90b, §6] Gillet and Soule´ defined the arith-
metic K0-group of an arithmetic variety, denoted by K̂0(X). We give here a slightly
different presentation using the Deligne complex of differential forms and the dif-
ferential operator −2∂∂¯.
Let X be an arithmetic variety and let D˜∗(X, p) = D∗(X, p)/ imdD. Con-
sider pairs (E,α), where E is a hermitian vector bundle over X and where α ∈⊕
p≥0 D˜2p−1(X, p) is a differential form. Then, K̂0(X) is the quotient of the free
abelian group generated by these pairs by the subgroup generated by the sums
(E
0
, α0) + (E
2
, α2)− (E1, α0 + α2 − ch(E)),
for every exact sequence of hermitian vector bundles over X ,
E : 0→ E0 → E1 → E2 → 0,
and every α0, α2 ∈
⊕
p≥0 D˜2p−1(X, p).
Among other properties, this group fits in an exact sequence
K1(X)
ch−→
⊕
p≥0
D˜2p−1(X, p) a−→ K̂0(X) ζ−→ K0(X)→ 0
(see [GS90b] for details).
Gillet and Soule´ in [GS90b], together with Ro¨ssler in [Roe01], showed that there
is a λ-ring structure on K̂0(X).
2.3. Deligne-Soule´ higher arithmetic K-theory. Although there is no refer-
ence in which the theory is developed, it has been suggested by Deligne and Soule´
(see [Sou92, §III.2.3.4] and [Del87, Remark 5.4]) that the higher arithmetic K-
theory should be obtained as the homotopy groups of the homotopy fiber of a
representative of the Beilinson regulator. We sketch here the construction, in order
to show that Adams operations can be defined.
Consider the beˆte truncation at n > 0 of the complex D2p−∗(X, p), denoted by
σ>0D2p−∗(X, p). Let
ĉh : Z˜Ĉn(X)→
⊕
p≥0
σ>0D2p−n(X, p),
be the composition of ch : Z˜Ĉn(X)→
⊕
p≥0D2p−n(X, p) with the natural map⊕
p≥0
D2p−n(X, p)→
⊕
p≥0
σ>0D2p−n(X, p).
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Let K(·) be the Dold-Puppe functor from the category of chain complexes of
abelian groups to the category of simplicial abelian groups (see [DP61]). Consider
the morphism
K(ĉh) : Ŝ·(X)→ K·(ZŜ∗(X)) Cub−−→ K(Z˜Ĉ∗(X))
bch−→ K
(⊕
p≥0
σ>0D2p−∗(X, p)
)
,
and denote by |K(ĉh)| the morphism induced on the realization of the simplicial
sets.
Definition 2.2. For every n ≥ 0, the (Deligne-Soule´) higher arithmetic K-group
of X is defined as
K̂n(X) = πn+1(Homotopy fiber of |K(ĉh)|).
Proposition 2.1. Let X be a proper arithmetic variety. Then,
(i) The group K̂0(X) as defined in Definition 2.2 agrees with the arithmetic K-
group defined by Gillet and Soule´ in [GS90b].
(ii) Let s(ĉh) denote the simple complex associated to the chain morphism ĉh. If
n > 0, there is an isomorphism K̂n(X)Q ∼= Hn(s(ĉh),Q).
(iii) There is a long exact sequence
· · · → Kn+1(X) ch−→ H2p−n−1D (X,R(p))
a−→ K̂n(X) ζ−→ Kn(X)→ · · ·
with end
· · · → K1(X) ch−→ D˜2p−1(X, p) a−→ K̂0(X) ζ−→ K0(X)→ 0.
Proof. The first and third statements follow by definition. The second statement
follows from the isomorphism of (3) together with the following well-known fact
(see [Fel07] for a proof):
Lemma 2.1. Let (A∗, dA), (B∗, dB) be two chain complexes. Let f : A∗ → B∗ be
a chain morphism and let K(f) : K·(A) → K·(B) be the induced morphism. Let
HoFib(f) denote the homotopy fiber of the topological realization of K(f). Then,
for every n ≥ 1, there is an isomorphism
πn(HoFib(f))→ Hn(s∗(f))
such that the following diagram is commutative:
πn+1(K·(B))
∼=

// πn(HoFib(f))

// πn(K·(A))
∼=

Hn+1(B∗) // Hn(s(f)) // Hn(A∗).

In section 3.2, we will endow
⊕
n≥0 K̂n(X) with a product structure, induced
by the product structure defined by Takeda on his higher arithmetic K-groups.
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2.4. Takeda higher arithmeticK-theory. In this section we recall the definition
of higher arithmeticK-groups given by Takeda in [Tak05]. He first develops a theory
of homotopy groups modified by a suitable chain morphism ρ. As a particular case,
the higher arithmeticK-groups are given by the homotopy groups of Ŝ·(X) modified
by the Chern character morphism “ch”.
Let T be a pointed CW-complex and let C∗(T ) be its cellular complex (see, for
instance, [Hat02]). Let (W∗, d) be a chain complex and denote W˜∗ = W∗/ imd.
Suppose that we are given a chain morphism ρ : C∗(T ) → W∗. Consider pairs
(f, ω) where
⊲ f : Sn → T is a pointed cellular map, and,
⊲ ω ∈ W˜n+1.
Let I be the closed unit interval [0, 1] with the usual CW-complex structure. Two
pairs (f, ω) and (f ′, ω′) are homotopy equivalent if there exists a pointed cellular
map
h : Sn × I/{∗} × I → T
such that the following conditions hold:
(1) h is a topological homotopy between f and f ′, i.e.
h(x, 0) = f(x), and h(x, 1) = f ′(x).
(2) Let [Sn × I] ∈ Cn+1(Sn × I) denote the fundamental chain of Sn × I. Then,
ω′ − ω = (−1)n+1ρ(h∗([Sn × I])).
Being homotopy equivalent is an equivalence relation, which we denote by ∼. Then,
for every n, the modified homotopy group π̂n(T, ρ) is defined to be the set of all
homotopy classes of pairs as above. Takeda proves that these are in fact abelian
groups.
The higher arithmetic K-groups of a proper arithmetic variety X , as defined by
Takeda, are given as the modified homotopy groups of the Waldhausen simplicial
set P̂(X) modified by the representative of the Beilinson regulator “ch” given in
the previous section.
Let X be a proper arithmetic variety over Z. Let |Ŝ·(X)| denote the geometric
realization of the simplicial set Ŝ·(X). It follows that |Ŝ·(X)| is a CW-complex.
Let D̂s∗(X) ⊂ ZŜ∗(X) be the complex generated by the degenerate simplices
of Ŝ·(X). Since the cellular complex C∗(|Ŝ·(X)|) is naturally isomorphic to the
complex ZŜ∗(X)/D̂s∗(X), we will in the sequel identify these two complexes by this
isomorphism.
As shown in [Tak05, Theorem 4.4], the map ch ◦Cub maps the degenerate sim-
plices of Ŝ·(X) to zero. It follows that there is a well-defined chain morphism
ch : C∗(|Ŝ·(X)|)[−1]→
⊕
p≥0
D2p−∗(X, p).
Definition 2.3 ((Takeda)). Let X be a proper arithmetic variety over Z. For every
n ≥ 0, the higher arithmetic K-group of X , K̂Tn (X), is defined by
K̂Tn (X) = π̂n+1(|Ŝ·(X)|, ch)
=
{
(f : Sn+1 → |Ŝ·(X)|, ω)
∣∣ ω ∈⊕
p≥0
D˜2p−n−1(X, p)
}/
∼ .
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Takeda proves the following results:
(i) For every n ≥ 0, K̂Tn (X) is a group.
(ii) For every n ≥ 0, there is a short exact sequence
Kn+1(X)
ch−→
⊕
p≥0
D˜2p−n−1(X, p) a−→ K̂Tn (X)
ζ−→ Kn(X)→ 0.
The morphisms a, ζ are defined by a(α) = [(0, α)] and ζ([(f, α)]) = [f ].
(iii) There is a characteristic class
K̂Tn (X)
ch−→
⊕
p≥0
D2p−n(X, p),
given by
ch([(f, α)]) = ch(f∗(Sn)) + dDα.
(iv) K̂T0 (X) is isomorphic to the arithmetic K-group defined by Gillet and Soule´
in [GS90b].
(v) There is a graded product on K̂T∗ (X), commutative up to 2-torsion. Therefore,
K̂T∗ (X)Q is endowed with a graded commutative product.
(vi) There exist pull-back for arbitrary morphisms and push-forward for smooth
and projective morphisms. A projection formula is also proved.
Lemma 2.2 (([Tak05],Cor. 4.9)). Let X be a proper arithmetic variety over Z.
Then, for every n ≥ 0, there is a canonical isomorphism
K̂n(X) ∼= ker
(
ch : K̂Tn (X)→
⊕
p≥0
D2p−n(X, p)).

3. Rational higher arithmetic K-groups
By parallelism with the algebraic situation, it is natural to expect that the
higher arithmetic K-groups tensored by Q can be described in homological terms.
In Proposition 2.1, we saw that the Deligne-Soule´ higher arithmetic K-groups are
isomorphic to the homology groups of the simple complex associated to the Beilin-
son regulator “ch”, after tensoring by Q. In this section we show that the higher
arithmetic K-groups given by Takeda admit also, after tensoring by Q, a homolog-
ical description. We prove that K̂Tn (X)Q can be obtained considering a variant of
the complex of cubes, together with what we call modified homology groups.
3.1. Modified homology groups. We briefly describe here the analogue, in a
homological context, of the modified homotopy groups given by Takeda in [Tak05].
The modified homology groups are the dual notion of the truncated relative coho-
mology groups defined by Burgos in [Bur97], as one can observe comparing both
definitions and the satisfied properties. These groups appear naturally in other
contexts. For instance, one can express the description of hermitian-holomorphic
Deligne cohomology given by Aldrovandi in [Ald05, §2.2], in terms of modified
homology groups.
Let (A∗, dA) and (B∗, dB) be two chain complexes and let A∗
ρ−→ B∗ be a chain
morphism. If B˜∗ = B∗/ imdB , consider pairs
(a, b) ∈ An ⊕ B˜n+1, with dAa = 0.
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We define an equivalence relation as follows. We say that (a, b) ∼ (a′, b′) if, and
only if, there exists h ∈ An+1, such that
dAh = a− a′, and ρ(h) = b− b′.
Definition 3.1. Let (A∗, dA), (B∗, dB) be two chain complexes and let ρ : A∗ → B∗
be a chain morphism. For every n, the n-th modified homology group of A∗ with
respect to ρ is defined as
Ĥn(A∗, ρ) := {(a, b) ∈ ZAn ⊕ B˜n+1}/ ∼ .
Observe that the group Ĥn(A∗, ρ) can be rewritten as
Ĥn(A∗, ρ) =
{
(a, b) ∈ ZAn ⊕Bn+1
}{
(0, dBb), (dAa, ρ(a)), a ∈ An+1, b ∈ Bn+2
} .
The class of a pair (a, b) in Ĥn(A∗, ρ) is denoted by [(a, b)].
These modified homology groups can be seen as the homology groups of the
simple of ρ truncated appropriately. Let ρ>n be the composition of ρ : A∗ → B∗
with the canonical morphism B∗ → σ>nB∗. Then, it follows from the definition
that
Hr(s(ρ>n)) =

Hr(s(ρ)) r > n,
Ĥn(A∗, ρ) r = n,
Hr(A∗) r < n.
Observe that, for every n, there are well-defined morphisms
B˜n+1
a−→ Ĥn(A∗, ρ), b 7→ [(0,−b)],
Ĥn(A∗, ρ)
ζ−→ Hn(A∗), [(a, b)] 7→ [a],
Ĥn(A∗, ρ)
ρ−→ ZBn [(a, b)] 7→ ρ(a)− dB(b).
The following proposition is the homological analogue of Theorem 3.3 together
with Proposition 3.9 of [Tak05] and the dual of Propositions 4.3 and 4.4 of [Bur97].
Proposition 3.1. (i) Let ρ : A∗ → B∗ be a chain morphism. Then, for every n,
there are exact sequences
(a) 0→ Hn(s∗(ρ))→ Ĥn(A∗, ρ) ρ−→ ZBn → Hn−1(s∗(ρ)).
(b) Hn+1(A∗)
ρ−→ B˜n+1 a−→ Ĥn(A∗, ρ) ζ−→ Hn(A∗)→ 0.
(ii) Assume that there is a commutative square of chain complexes
A∗
ρ //
f1

B∗
f2

C∗
ρ′
// D∗.
Then, for every n, there is an induced morphism
Ĥn(A∗, ρ)
f−→ Ĥn(C∗, ρ′) [(a, b)] 7→ [(f1(a), f2(b))].
(iii) If f1 is a quasi-isomorphism and f2 is an isomorphism, then f is an isomor-
phism.
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Proof. The exact sequences follow from the long exact sequences associated to the
following short exact sequences:
0→ B∗/σ>nB∗[−1]→ s∗(ρ)→ s∗(ρ>n)→ 0,
0→ σ>nB∗[−1]→ s∗(ρ>n)→ A∗ → 0.
The second and the third statements are left to the reader. 
Corollary 3.1. For every n, there is a canonical isomorphism
Hn(s∗(ρ)) ∼=can ker(Ĥn(A∗, ρ) ρ−→ Bn).

3.2. Takeda arithmetic K-theory with rational coefficients. We want to give
a homological description of the rational Takeda arithmetic K-groups. Since these
groups fit in the exact sequences
Kn+1(X)Q
ch−→
⊕
p≥0
D˜2p−n−1(X, p) a−→ K̂Tn (X)Q
ζ−→ Kn(X)Q → 0,
comparing it to 3.1(i)(b), it is natural to expect that the modified homology groups
associated to the Beilinson regulator “ch” give the desired description.
Therefore, consider the modified homology groups Ĥn(Z˜Ĉ∗(X), ĉh) associated
to the chain map
Z˜Ĉ∗(X)
ch−→
⊕
p≥0
D2p−∗(X, p)
given in (4). We want to see that there is an isomorphism
(8) K̂Tn (X)Q
∼= Ĥn(Z˜Ĉ∗(X), ch)Q.
In order to prove this fact, considering the long exact sequences associated to
K̂Tn (X)Q, to Ĥn(Z˜Ĉ∗(X), ch)Q and the five lemma, it would be desirable to have a
factorization of the morphism “ch” by Cub in the form
ZbS∗(X)
**TTT
TT
TT
TT
TT
TT
TT
TT
Cub // eZ bC∗(X) ch //Lp≥0D2p−∗(X, p)
C∗(|bS·(X)|)[−1] ∼= bS∗(X)/ bDs∗(X)[−1]
Cub
OO
ch
44hhhhhhhhhhhhhhhhhh
Let P be a small exact category. If τi ∈ Sn is the permutation that interchanges
i with i+ 1, then for every E ∈ Sn(P) one has
Cub(s0E) = s
1
1Cub(E),
Cub(snE) = s
0
nCub(E),(9)
Cub(siE) = τi Cub(siE), i = 1, . . . , n− 1.
(See [Tak05, Lemma 4.1]). It follows that the dotted arrow Cub of last diagram
C∗(|Ŝ·(X)|)[−1] ∼= ZŜ∗(X)/D̂s∗(X)[−1] Cub−−→ Z˜Ĉ∗(X)
does not exist, since the image by Cub of a degenerate simplex in Sn(P) is not
necessarily a degenerate cube.
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Therefore, in order to prove (8), we should find a new complex, Z˜Ĉs∗(X), quasi-
isomorphic to the complex of hermitian cubes, admitting a factorization of “ch” of
the form:
ZŜ∗(X)

Cub // Z˜Ĉ∗(X)
∼

ch //
⊕
p≥0D2p−∗(X, p)
C∗(|Ŝ·(X)|)[−1] Cub // Z˜Ĉs∗(X)
ch
77
nnnnnnnnnnnn
In this way, we divide the proof in two steps: to prove that there is an isomorphism
Ĥn(Z˜Ĉ∗(X), ch) ∼= Ĥn(Z˜Ĉs∗(X), ch), and then that Ĥn(Z˜Ĉs∗(X), ch)Q ∼= K̂Tn (X)Q.
This will be shown in Theorem 3.1, once this factorization of Cub is obtained.
Factorization of Cub. Takeda factors the morphism “ch” through a quo-
tient of the complex of cubes as follows. Consider the complex of cubes T̂n(X) ⊆
ZĈn(X), generated by the n-cubes E such that τiE = E for some index i. In the
proof of Theorem 4.4 in [Tak05], Takeda shows that if E ∈ T̂n(X), then ch(E) = 0.
Hence the morphism “ch” is zero on the degenerate simplices in ZŜ∗(X). It follows
that ch factorizes as
C∗(|bS·(X)|)[−1] ∼=−→ ZbS∗(X)/ bDs∗(X)[−1] Cub−−→ eZ bC∗(X)/bT∗(X) ch−→M
p≥0
D2p−∗(X, p).
However, the complex Z˜Ĉ∗(X)/T̂∗(X) is not quasi-isomorphic to Z˜Ĉ∗(X). Nev-
ertheless, since the complex ZŜ∗(X)/D̂s∗(X) is quasi-isomorphic to ZŜ∗(X) (due to
the fact that the complex of degenerate simplices of a simplicial set is acyclic), it
seems reasonable to think that there exists a complex which is quasi-isomorphic to
Z˜Ĉ∗(X) and which factors the morphism ch as above. This is done in the sequel.
Let P be a small exact category. The smallest complex to consider is the follow-
ing. For every n, let
Cdegn (P) := {Cub(siE), E ∈ Sn(P), i ∈ {1, . . . , n− 1}}.
Let ZCdegn (P) be the free abelian group on Cdegn (P) and let
Z˜Cdegn (P) :=
ZCdegn (P) + ZDn(P)
ZDn(P) .
Lemma 3.1. Let E ∈ Sn(P).
(i) dCub(siE) ∈ ZCdegn−1(P) + ZDn−1(P), for all i = 1, . . . , n− 1.
(ii) For i = 1, . . . , n− 1, the equality
dCub(siE) =
i−1∑
j=0
(−1)j+1Cub(si−1∂jE) +
n∑
j=i+1
(−1)j Cub(si∂jE)
holds in Z˜Cdegn−1(P).
Proof. By definition,
dCub(siE) =
n∑
j=1
2∑
l=0
(−1)j+l∂lj Cub(siE).
Since ∂liτi = ∂
l
i+1 for all l = 0, 1, 2, by (9) we have
∂li Cub(siE) = ∂
l
i+1 Cub(siE).
18 ELISENDA FELIU
Hence these two terms cancel each other in the previous sum. So, assume that
j 6= i, i+ 1. If l = 1, then, by (2),
∂1j Cub(siE) = Cub(∂jsiE) =
{
Cub(si−1∂jE) j < i,
Cub(si∂j−1E) j > i+ 1.
If l = 0 and j 6= n, or l = 2 and j 6= 1, ∂lj Cub(siE) is a degenerate cube and hence
it is zero in the group Z˜Cdegn (P). Finally, we have
∂0nCub(siE) = Cub(si∂nE),
∂21 Cub(siE) = Cub(si−1∂0E).
The statements of the lemma follow from these calculations and the relations (9).

It follows from the last lemma that Z˜Cdeg∗ (P) is a chain complex with the dif-
ferential induced by the differential of Z˜C∗(P).
Proposition 3.2. The complex Z˜Cdeg∗ (P) is quasi-isomorphic to zero.
Proof. We prove the proposition by constructing a chain of chain complexes
(10) 0 = C0∗ ⊂ C1∗ ⊂ · · · ⊂ Cn−2∗ ⊂ Cn−1∗ = Z˜Cdeg∗ (P),
such that all the quotients Ci∗/C
i−1
∗ are homotopically trivial, that is, there exists
a homotopy
hn : C
i
n/C
i−1
n → Cin+1/Ci−1n+1
such that
dhn + hn−1d = id.
It means in particular that for every i, the complex Ci∗/C
i−1
∗ is quasi-isomorphic
to zero. Then, since C0∗ = 0, it follows inductively that C
i
∗ is quasi-isomorphic to
zero for all i and the proposition is proved.
For every i = 1, . . . , n− 1, let
ZCdeg,in (P) = {Cub(sjE), E ∈ Sn(P), j ∈ {1, . . . , i}},
and let
Cin =
ZCdeg,in (P) + ZDn(P)
ZDn(P) .
By Lemma 3.1, (ii), Ci∗ are chain complexes with the differential induced by the
differential of Z˜C∗(P). Moreover, for every i there is an inclusion of complexes
Ci∗ ⊆ Ci+1∗ .
Fix E ∈ Sn(P) and an index i. Consider an element Cub(siE) ∈ Ci∗/Ci−1∗ and
define
hn(Cub(siE)) = (−1)i+1Cub(sisiE).
Then, by Lemma 3.1, in the complex Ci∗/C
i−1
∗ ,
dCub(siE) =
n+1∑
j=i+1
(−1)j Cub(si∂jE)
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and
dhn(Cub(siE)) =
n+1∑
j=i+1
(−1)i+j+1 Cub(si∂jsiE)
= Cub(siE) +
n+1∑
j=i+2
(−1)i+j+1 Cub(sisi∂j−1E)
= Cub(siE) + hn−1(dCub(siE)).
Therefore, we have proved that Ci∗/C
i−1
∗ is homotopically trivial. 
Let
Z˜Cs∗(P) :=
ZC∗(P)
ZD∗(P) + ZCdeg∗ (P)
.
Corollary 3.2. The natural chain morphism
Z˜C∗(P)→ Z˜Cs∗(P)
is a quasi-isomorphism.

If P = P̂(X), we simply write Z˜Ĉs∗(X) := Z˜Cs∗(P̂(X)) and Z˜Ĉdeg∗ (X) :=
Z˜Ĉdeg∗ (P̂(X)). Since “ch” is zero on ZD̂∗(X) + ZĈdeg∗ (X), we have obtained the
following corollary.
Corollary 3.3. Let X be a proper arithmetic variety over Z.
(i) The map ch admits a factorization as
C∗(|Ŝ·(X)|)[−1] Cub−−→ Z˜Ĉs∗(X) ch−→
⊕
p≥0
D2p−∗(X, p).
(ii) The natural morphism
Z˜Ĉ∗(X)
∼−→ Z˜Ĉs∗(X)
is a quasi-isomorphism.

At this point, we have all the ingredients to prove that there is an isomorphism
between K̂Tn (X)Q and Ĥn(Z˜Ĉ∗(X), ch)Q.
For the proof of next theorem recall that the Hurewicz morphism
πn(|Ŝ·(X)|)→ Hn(|Ŝ·(X)|)
maps the class of a pointed map Sn
f−→ |Ŝ·(X)| to f∗([Sn]).
Theorem 3.1. Let X be a proper arithmetic variety over Z. Then, for every n ≥ 0,
there is an isomorphism
K̂Tn (X)Q
∼=−→ Ĥn(Z˜Ĉ∗(X), ch)Q.
Moreover, there are commutative diagrams
bKTn (X)Q ζ //
∼=

Kn(X)Q
∼=
bHn(eZ bC∗(X), ch)Q ζ // Hn(eZ bC∗(X),Q)
bKTn (X)Q ch //
∼=

L
p≥0D
2p−∗(X, p)
=
bHn(eZ bC∗(X), ch)Q ch //Lp≥0D2p−∗(X, p).
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Proof. Consider the chain complex Z˜Ĉs∗(X) =
Z bC∗(X)
Z bD∗(X)+Z bCdeg∗ (X)
, defined before
Corollary 3.3. Let Ĥ∗(Z˜Ĉs∗(X), ch) denote the modified homology groups with
respect to the morphism
Z˜Ĉs∗(X)
ch−→
⊕
p≥0
D2p−∗(X, p).
Consider the following commutative diagram:
Z˜Ĉ∗(X)
∼

ch //
⊕
p≥0D2p−∗(X, p)
=

Z˜Ĉs∗(X)
ch //
⊕
p≥0D2p−∗(X, p).
By Lemma 3.1, there is an induced isomorphism
Ĥn(Z˜Ĉ∗(X), ch)
pi−→ Ĥn(Z˜Ĉs∗(X), ch),
which commutes with ζ.
It remains to prove that there is an isomorphism
K̂Tn (X)Q
∼= Ĥn(Z˜Ĉs∗(X), ch)Q,
commuting with ζ.
Consider the chain morphism
C∗(|Ŝ·(X)|)[−1] Cub−−→ Z˜Ĉs∗(X).
Recall from section 1.1 that the isomorphism
Kn(X)Q
Cub−−→ Hn(Z˜Ĉ∗(X),Q)
is given by the composition
Kn(X) = pin+1(|bS·(X)|)Q Hurewicz−−−−−−→ Hn(C∗(|bS·(X)|)[−1])Q Cub−−→ Hn(eZ bC∗(X),Q)
which sends the class of a cellular map [f : Sn+1 → |Ŝ·(X)|] to Cub f∗([Sn+1]).
If f, f ′ : Sn+1 → |Ŝ·(X)| are homotopic with cellular homotopy h, then
dh∗[Sn+1 × I] = (−1)n+1(f ′∗[Sn+1]− f∗[Sn+1])
in C∗(|Ŝ·(X)|)[−1].
Let
K̂Tn (X)Q
Cubs−−−→ Ĥn(Z˜Ĉs∗(X), ch)Q
[(f : Sn+1 → |Ŝ·(X)|, ω)] 7→ [(Cub f∗([Sn+1]),−ω)].
This morphism is well defined. Indeed, let h be a cellular homotopy between two
pairs (f, ω) and (f ′, ω′). Then, if we denote α = (−1)n+1Cubh∗([Sn+1 × I]), we
have
d(α) = Cub f ′∗([S
n+1])− Cub f∗([Sn+1]),
and
ch(α) = ω − ω′.
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Finally, consider the diagram
Kn+1(X)Q
ch //
∼=

eD2p−n−1(X, p) a //
=

bKTn (X)Q ζ //
Cub
s

Kn(X)Q
∼=

// 0
Hn+1(eZ bCs∗(X))Q ch // eD2p−n−1(X, p) a // bHn(eZ bCs∗(X), ch)Q ζ // Hn(eZ bCs∗(X))Q // 0
Since the rows are exact sequences, the statement of the proposition follows from
the five lemma. 
Corollary 3.4. Let X be a proper arithmetic variety over Z. Then, for every
n ≥ 0, there is an isomorphism
K̂Tn (X)Q
∼=−→ Ĥn(NĈ∗(X), ch)Q.

Product structure on rational arithmetic K-theory. Takeda, in [Tak05],
defines a product structure for K̂Tn (X) compatible with the Loday product of alge-
braic K-theory, and for which the morphism
ch : K̂Tn (X)→
⊕
p≥0
D2p−∗(X, p)
is a ring morphism (see loc. cit., Proposition 6.8). Since there is a natural isomor-
phism
K̂n(X) ∼= ker(ch : K̂Tn (X)→
⊕
p≥0
D2p−n(X, p)),
there is an induced Loday product on K̂n(X).
In algebraic K-theory, the Adams operations are derived from the lambda op-
erations by a polynomial relation. In order to do that, the product structure for⊕
n≥0Kn(X) is the one for which
⊕
n≥1Kn(X) is a square zero ideal.
Therefore, we consider the product structure on
⊕
n≥0 K̂n(X) for which
⊕
n≥1 K̂n(X)
is a square zero ideal and agrees with the Loday product otherwise.
After tensoralizing with Q, and using the description of K̂n(X)Q via the isomor-
phism
K̂n(X)Q ∼= Hn(s(ĉh),Q),
the product is defined as follows.
Lemma 3.2. Let (E,α) ∈ K̂0(X)Q and let (F , β) ∈ K̂n(X)Q with n ≥ 0. Then,
by the product structure on K̂n(X)Q induced by the product structure on K̂
T
n (X)Q,
we have
(E,α)⊗ (F , β) = (E ⊗ F , α • ch(F ) + ch(E) • β − α • dD(β)) ∈ K̂n(X)Q.

Remark 3.1. With the notation of the previous lemma, if n > 0 then F is an n-
cube such that dF = 0 and β ∈ ⊕p≥0D2p−n−1(X, p) is a differential form such
that ch(F ) = dD(β). Hence,
α • ch(F ) = α • dD(β)
and therefore,
(E,α)⊗ (F , β) = (E ⊗ F , ch(E) • β).
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4. Adams operations on higher arithmetic K-theory
In this section we construct the Adams operations on the higher arithmetic K-
groups tensored by the rational numbers. The construction is adapted to both
definitions of higher arithmetic K-groups.
Let X be a proper arithmetic variety over Z. In [Fel09], we defined a chain
morphism inducing Adams operations on higher algebraic K-theory (with rational
coefficients), using the chain complex of cubes. The results stated in [Fel09] for
the category of locally free sheaves of finite rank over X , P(X), translate to the
category P̂(X), considering the appropriate metrics. As it will be overviewed next,
the definition of the algebraic Adams operations involves the Koszul complex of a
locally free sheaf and the isomorphism (13). Therefore, the metrics of the Koszul
complex are imposed by the need of the equivalent isometry (15) to hold.
In order to define Adams operations on the higher arithmetic K-groups tensored
byQ, it would be desirable to have the Chern character morphism commute with the
Adams operations on the complex of cubes (diagram (22)). To this end, the Bott-
Chern form of the Koszul complex should be zero. However, with the hermitian
metric on the Koszul complex imposed by (15), its Bott-Chern form does not vanish.
This problem can be solved by introducing a slight modification to the definition
of Adams operations of [Fel09] (see Remark 4.1).
We start this section with an overview of the Adams operations defined in [Fel09],
together with the required modification. In the next subsection we proceed to
discuss the Bott-Chern form of the Koszul complex. We finish this section by
showing the commutativity of diagram (22) and by deducing the Adams operations
on higher arithmetic K-theory tensored by Q.
4.1. Adams operations on higher algebraic K-theory. We recall here briefly
the key points of the definition of Adams operations of [Fel09], with a slight modi-
fication introduced. In the following definitions, ∼= denotes an isometry.
The Koszul complex. For every locally free sheaf E of finite rank on any variety,
the k-th Koszul complex of E is the exact sequence
Ψk(E)∗ : 0→ Ψk(E)0 ϕ0−→ . . . ϕk−1−−−→ Ψk(E)k → 0
with
Ψk(E)p = E· p. . . ·E ⊗ E∧ k−p. . . ∧E = SpE ⊗
∧k−p
E.
The arrows ϕp are defined as follows. Consider the inclusions
SpE
ιp−→ T pE, and
∧p
E
jp−→ T pE
defined locally by
ιp(xi1 · . . . ·xip) =
∑
σ∈Sp
xσ(i1) ⊗ . . .⊗ xσ(ip),(11)
jp(xi1 ∧ . . . ∧ xip) =
∑
τ∈Sp
(−1)|τ | xτ(i1) ⊗ . . .⊗ xτ(ip).
Consider the natural projections
T pE
pip−→ SpE, and T pE ρp−→ ∧p E
xi1 ⊗ . . .⊗ xip 7→ xi1 · . . . ·xip , xi1 ⊗ . . .⊗ xip 7→ xi1 ∧ . . . ∧ xip .
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For every p, the morphisms
ϕp : S
pE ⊗
∧k−p
E → Sp+1E ⊗
∧k−p−1
E
in the Koszul complex are given as
(12) ϕp =
1
p!(k − p− 1)! (πp+1 ⊗ ρk−p−1) ◦ (ιp ⊗ jk−p)
(see (19) for the explicit computation of ϕp).
The key properties of the Koszul complex that make it suitable for the definition
of Adams operations on higher algebraic K-theory are the following:
◮ If E and F are two locally free sheaves of finite rank, there is a canonical
isomorphism of complexes
(13) Ψk(E ⊕ F )∗ ∼=
k⊕
p=0
Ψp(E)∗ ⊗Ψk−p(F )∗.
◮ The secondary Euler characteristic class of the Koszul complex
(14) Ψk(E) =
∑
p≥0
(−1)k−p+1(k − p)Ψk(E)p
agrees with the k-th Adams operation of E in K0(X).
If E is a hermitian vector bundle, there is a naturally induced metric on the
tensor product T kE = E⊗ k. . . ⊗E. Endow ∧k E with the wedge product metric,
that is, the metric induced by the natural inclusion of
∧k
E into T kE given by
1√
k!
jk. Analogously, we endow S
kE with the hermitian metric induced by the
natural inclusion of SkE into T kE given by 1√
k!
ιk.
In this way, if e1, . . . , en is a orthonormal local frame in E, then, the set {ei1 ⊗
. . . ⊗ eik}i1,...,ik∈{1,...,n} forms a orthonormal basis of T k(E) and the set {ei1 ∧
. . . ∧ eik}i1<···<ik∈{1,...,n} forms a orthonormal basis of
∧k
(E). The set {ei1 · . . . ·
eik}i1≤···≤ik∈{1,...,n} forms a orthogonal basis of Sk(E) with the norm of each ele-
ment depending on the number of repetitions among the subindices. In particular,
if i1 < · · · < ik, then, the norm of ei1 · . . . · eik is one.
Denote these metrics by hSp(E), h
V
p(E), hTp(E). The locally free sheaves Ψ
k(E)p
are endowed with the tensor product metric. With these hermitian metrics, if E and
F are hermitian vector bundles, the algebraic canonical isomorphism of complexes
(13) is an isometry of hermitian complexes
(15) Ψk(E ⊕ F )∗ ∼=
k⊕
p=0
Ψp(E)∗ ⊗Ψk−p(F )∗.
Indeed, the natural inclusions
SrE ⊗
∧p−r
E ⊗ SlF ⊗
∧k−p−l
F →֒ Sr+l(E ⊕ F )⊗
∧k−r−l
(E ⊕ F )
are compatible with the defined hermitian metrics.
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Hermitian split cubes.
Definition 4.1 ((cf. [Fel09])). LetX be a proper arithmetic variety. Let {Ej}j∈{0,2}n
be a collection of hermitian vector bundles overX , indexed by {0, 2}n. Let [Ej ]j∈{0,2}n
be the hermitian n-cube defined as follows.
⊲ Let j ∈ {0, 1, 2}n and let u1 < · · · < us be the indices with jui = 1. We
denote (v1, . . . , vn) = σm1,...,ms(j) to be the multi-index with
vk =
{
jk if k 6= ul, for all l,
ml if k = ul.
Then, the j-component of [E
j
]j∈{0,2}n is
⊥⊕
(m1,...,ms)∈{0,2}s
E
σm1,...,ms (j).
⊲ The morphisms are compositions of the following canonical morphisms:
A⊕⊥ B ։ A, A⊕⊥ B ∼=−→ B ⊕⊥ A,
A →֒ A⊕⊥ B, A⊕⊥ (B ⊕⊥ C) ∼=−→ (A⊕⊥ B)⊕⊥ C.
A hermitian n-cube of this form is called a direct sum hermitian n-cube.
Definition 4.2 ((cf. [Fel09])). Let X be a proper arithmetic variety.
◮ Let E be a hermitian n-cube. The direct sum hermitian n-cube associated
to E, Sp(E), is the hermitian n-cube
Sp(E) := [E
j
]j∈{0,2}n .
◮ A hermitian split n-cube is a couple (E, f), where E is a hermitian n-cube
and f : Sp(E)→ E is an isometry of hermitian n-cubes such that f j = id
if j ∈ {0, 2}n. The morphism f is called the splitting of (E, f).
Roughly speaking, these are the cubes which are orthogonal direct sums in all
directions. Let
ZŜpn(X) := Z{split hermitian n-cubes in X}
and let ZŜp∗(X) =
⊕
n ZŜpn(X). As shown in [Fel09], there is a differential map
d : ZŜpn(X)→ ZŜpn−1(X)
making (ZŜp∗(X), d) a chain complex and in such a way that the morphism that
forgets the splitting ZŜp∗(X)→ ZĈ∗(X) is a chain morphism.
Some intermediate chain morphisms. The construction of Adams operations factors
through an intermediate complex. We recall here its construction due to the fact
that a slight modification needs to be introduced.
Let k ≥ 1. For every n ≥ 0 and i = 1, . . . , k − 1, we define
Ĝk1(X)n := {acyclic cochain complexes of length k of hermitian n-cubes},
Ĝi,k2 (X)n := {2-iterated acyclic cochain complexes of lengths (k − i, i)
of hermitian n-cubes}.
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The differential of ZĈ∗(X) induces a differential on the graded abelian groups
ZĜi,k2 (X)∗ :=
⊕
n
ZĜi,k2 (X)n and ZĜ
k
1(X)∗ :=
⊕
n
ZĜk1(X)n.
For every n, the simple complex associated to a 2-iterated cochain complex
induces a morphism
Φi : ZĜi,k2 (X)n → ZĜk1(X)n.
A new chain complex is defined by setting
ZĜk(X)n :=
k−1⊕
i=1
ZĜi,k2 (X)n−1 ⊕ ZĜk1(X)n.
If Bi ∈ Ĝi,k2 (X)n−1, for i = 1, . . . , k − 1, and A ∈ Ĝk1(X)n, the differential is given
by
ds(B1, . . . , Bk−1, A) := (−dB1, . . . ,−dBk−1,
k−1∑
i=1
(−1)iΦi(Bi) + dA).
Definition 4.3. For any acyclic cochain complex of hermitian n-cubes A : 0 →
A
0 f0−→ · · · f
j−1
−−−→ Aj f
j
−→ · · · f
k−1
−−−→ Ak → 0, we define:
⊲ ϕ̂1(A) to be the secondary Euler characteristic class, i.e.
ϕ̂1(A) =
∑
p≥0
(−1)k−p+1(k − p)Ap ∈ ZĈn(X).
⊲ µ(A) :=
∑
j≥0(−1)j−1µj(A) where µj(A) is the hermitian n-cube defined
by
∂01(µ
j(A)) = ker f j , ∂11(µ
j(A)) = A
j
, and ∂21(µ
j(A)) = ker f j+1.
⊲ λk(A) is the acyclic cochain complex of hermitian n-cubes
0→ A0
1√
k
f0
−−−−→ · · ·
1√
k
fj−1
−−−−−→ Aj
1√
k
fj
−−−→ · · ·
1√
k
fk−1
−−−−−→ Ak → 0.
If Bi ∈ Ĝi,k2 (X)n, then Bi is a 2-iterated acyclic cochain complex where B
j1j2
i
is a hermitian n-cube, for every j1, j2. We attach to it a sum of exact sequences of
hermitian n-cubes as follows:
ϕ̂2(Bi) =
∑
j≥0
(−1)k−j+1((k − i− j)λk−i(B∗,ji ) + (i− j)λi(B
j,∗
i ))
+
∑
s≥1
(−1)k−s(k − s)
∑
j≥0
(B
s−j,j
i →
⊕
j′≥j
B
s−j′,j′
i →
⊕
j′>j
B
s−j′,j′
i ).
Roughly speaking, the first summand corresponds to the secondary Euler charac-
teristic of the rows and the columns. The second summand appears as a correction
factor for the fact that direct sums are not sums in ZĈn(X).
Lemma 4.1. The morphism given for every n by
ZĜk(X)n
ϕ−→ ZĈn(X)(16)
(B1, . . . , Bk−1, A) 7→ ϕ̂1(A) +
k−1∑
i=1
(−1)i+1µ(ϕ̂2(Bi)).
is a chain morphism.
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Proof. See [Fel09]. It follows essentially from the three equalities
dϕ̂1(A) = ϕ̂1(dA),
−ϕ̂2(dBi) =
n∑
l=2
2∑
j=0
(−1)l+j∂jl ϕ̂2(Bi), ∀i,
ϕ̂1(Φ
i(Bi)) =
∑
r≥0
(−1)r∂r1 ϕ̂2(Bi) ∀i.

Remark 4.1. The definition given here for ϕ̂2 is a slight modification of the definition
given in the original paper [Fel09]. It consists of the twist by 1/
√
k of λk. The
modification has been introduced in order to have a representative of the Adams
operations on higher algebraic K-theory that commutes strictly with the Chern
character (the reason will become apparent in the next section (cf. Proposition
4.4)). This modification does not alter the fact that the final morphism represents
the Adams operations on higher rational algebraic K-theory, since the morphism
at n = 0 remains unchanged.
Adams operations. In [Fel09], Adams operations are constructed for every split
(hermitian) n-cube, using the secondary Euler characteristic class of the Koszul
complex. The following proposition follows from the construction of the Adams
operations in [Fel09].
Proposition 4.1 ((cf. [Fel09])). Let X be a proper arithmetic variety. For every
k ≥ 0, there is a chain complex
Ψk : ZŜp∗(X)→ Z˜Ĉ∗(X).
For every E ∈ ZŜpn(X), Ψk(E) consists of a sum of hermitian n-cubes of the
following form:
(i) If E is a hermitian vector bundle (i.e. n = 0), then Ψk(E) is the secondary
Euler characteristic class of the Koszul complex.
(ii) If n ≥ 2, the image of Ψk consists of hermitian n-cubes which are split in at
least one direction.
(iii) For n = 1, there are two types of summands. Some of the terms of Ψk(E)
are hermitian split 1-cubes. The rest are hermitian 1-cubes of the form µ(A)
with A = λl(Ψ
l(F )∗)⊗G or A = F ⊗ λl(Ψl(G)∗) for some hermitian bundles
F ,G in the entries of E and 0 ≤ l ≤ k. These terms arise as the image by
µ ◦ ϕ̂2 of 2-iterated acyclic cochain complexes of lengths (k − i, i) of the form
Ψk−i(G)∗ ⊗Ψi(F )∗.

Remark 4.2. Item (ii) of last proposition follows from the construction of the Adams
operations in [Fel09], using the isometry (15). These hermitian cubes appear by
the image by ϕ of some elements Â ∈ Ĝk1(X)n, B̂i ∈ Ĝi,k2 (X)n−1, which consist
of (2-iterated) acyclic cochain complexes of hermitian n-cubes or (n − 1)-cubes
which are hermitian split in all directions. Note that the statement is true with the
modification by λk introduced here since the multiplication by the constants is not
performed in the hermitian split directions.
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The transgression morphism. Once the Adams operations are defined for all split
hermitian cubes, the final construction makes use of the transgression bundles in-
troduced above. This allows us to assign to every hermitian n-cube a collection of
hermitian split cubes in X × (P1)∗.
Let X be a proper arithmetic variety. Let X × (P1)n denote X ×Z (P1)n. For
i = 1, . . . , n and j = 0, 1, consider the chain morphisms induced on the complex of
hermitian cubes
δji = (Id× δij)∗ : ZĈ∗(X × (P1)n)→ ZĈ∗(X × (P1)n−1),
σi = (Id× σi)∗ : ZĈ∗(X × (P1)n−1)→ ZĈ∗(X × (P1)n).
As before, let p1, . . . , pn be the projections onto the i-th coordinate of (P
1)n. Let
ZĈP∗,∗(X) be the 2-iterated chain complex given by
ZĈPr,n(X) := ZĈr(X × (P1)n),
and differentials (d, δ), with d the differential of the complex of cubes and δ =∑
(−1)i+jδji . Denote by (ZĈP∗ (X), ds) the associated simple complex.
Let
ZĈPr,n(X)deg =
n∑
i=1
σi(ZĈ
P
r,n−1(X)) + p
∗
iO(1)⊗ σi(ZĈPr,n−1(X)),
Z˜ĈPr,n(X)deg = ZĈ
P
r,n(X)deg/ZD̂r(X × (P1)n)deg,
and let
Z˜Ĉ
eP
r,n(X) := Z˜Ĉ
P
r,n(X)/Z˜Ĉ
P
r,n(X)deg.
Denote by (Z˜Ĉ
eP
∗ (X), ds) the simple complex associated to this 2-iterated chain
complex.
Proposition 4.2 (([Fel09], Proposition 3.2)). If X is a regular noetherian scheme,
the natural morphism of complexes
Z˜Ĉ∗(X) = Z˜Ĉ
eP
∗,0(X)→ Z˜C˜eP∗ (X)
induces an isomorphism on homology with coefficients in Q.

In [Fel09, §3], a morphism
(17) NĈ∗(X)
T−→ ZĈP∗ (X)
is constructed. This morphism extends the map that assigns to every hermitian
n-cube E its transgression trn(E). Indeed, the component of T (E) in ZĈ
P
0,n(X)
is trn(λ(E)). Each of the components of T (E) in ZĈ
P
n−i,i(X), for i > 0, consists
of a linear combination of split hermitian cubes, and hence the construction Ψk
outlined above can be applied to each of these terms. The morphism T maps every
hermitian cube E to a collection of hermitian cubes with canonical kernels λ(E)
and then applies the transgression construction.
In this way, one obtains for every k ≥ 0 a chain morphism
Ψk : NĈ∗(X)
Ψk◦T−−−−→ Z˜ĈeP∗ (X).
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Proposition 4.3 (([Fel09], Theorem 4.2)). The Adams operations on the higher
algebraic K-groups of X, after tensoring by Q (as given by Gillet and Soule´ in
[GS99] or Grayson in [Gra92]), are represented by the chain morphism
Ψk : NĈ∗(X)
Ψk◦T−−−−→ Z˜ĈeP∗ (X).

Remark 4.3. The fact that the image of T consists of split cubes, is proved in
[Fel09, Lemma 3.15]. The fact that the image consists indeed of hermitian split
cubes, follows from the fact that
trn(E)|yi=0 ∼= trn−1(∂0i E)⊕⊥ trn−1(∂2i E),(18)
for every hermitian n-cube E with canonical kernels, and with ∼= being an isometry.
4.2. The Koszul complex and Bott-Chern forms. In this section we discuss
the Bott-Chern form of the Koszul complex, by determining hermitian metrics
on it that would make its Bott-Chern form to vanish. This is the cause of the
modification λk introduced in the definition of the algebraic Adams operations.
We next perform a direct comparison of the definition of the Adams operations
on locally free sheaves and the secondary Euler characteristic class of the Koszul
complex.
Although it is not required for the development of this paper, we will deduce the
value of the Bott-Chern form of the Koszul complex, with the hermitian metrics
fixed at the beginning of this section. This will be an easy consequence of all the
computations of the first part of this subsection.
The following is a known result.
Lemma 4.2. Let E be a locally free sheaf of finite rank on any variety. For all
k ≥ 1, the k-th Koszul complex of E is split, i.e. for all 0 ≤ j ≤ k− 1, µj(Ψk(E)∗)
is a split short exact sequence.
Proof. Recall that the morphisms in the Koszul complex, ϕp, where defined as
ϕp =
1
p!(k − p− 1)!(πp+1 ⊗ ρk−p−1) ◦ (ιp ⊗ jk−p).
Let
ψp : S
p+1E ⊗
∧k−p−1
E −→ SpE ⊗
∧k−p
E
be given as
ψp =
1
k p! (k − p− 1)! (πp ⊗ ρk−p) ◦ (ιp+1 ⊗ jk−p−1).
If ψp is a section of ϕp over imϕp, then the short exact sequence
0→ kerϕp → SpE ⊗
∧k−p
E → imϕp → 0
is split for all p. That is, there is an isomorphism
SpE ⊗
∧k−p
E ∼= kerϕp ⊕ imϕp.
In order to see that ψp is a section of ϕp over imϕp, we have to see that for all
e ∈ SpE ⊗∧k−pE, we have
ϕpψpϕp(e) = ϕp(e).
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Assume that the rank of E is n and consider a local frame in E, {e1, . . . , en}.
Renaming the indices, it is only necessary to check the previous equality for an
element of the form e = ei1 · . . . · eip ⊗ e1 ∧ . . . ∧ ek−p where i1, . . . , ip ∈ {1, . . . , n}.
By definition,
ϕp(e) =
1
p!(k − p− 1)!
∑
σ∈Sp
τ∈Sk−p
(−1)|τ |eiσ(1) · . . . ·eiσ(p) ·eτ(1) ⊗ eτ(2) ∧ . . . ∧ eτ(k−p)
=
1
p!(k − p− 1)!
∑
τ∈Sk−p
(−1)|τ |p! ei1 · . . . ·eip ·eτ(1) ⊗ eτ(2) ∧ . . . ∧ eτ(k−p).
Observe that if τ(1) = j, then there is a decomposition τ = τ ′ρ with τ ′, ρ ∈ Sp,
ρ(1, . . . , k−p) = (j, 1, . . . , ĵ, . . . , k−p) and τ ′(1) = 1. The signature of ρ is (−1)j−1.
Hence,
(19) ϕp(e) =
k−p∑
j=1
(−1)j−1 ei1 · . . . ·eip ·ej ⊗ e1 ∧ . . . êj . . . ∧ ek−p.
Proceeding like in the computation of ϕp(e), we obtain that
(20) ψpϕp(e) =
k − p
k
e+
k−p∑
j=1
p∑
t=1
(−1)j−1
k
ei1 · . . . êit . . . ·eip · ej⊗
⊗eit ∧ e1 ∧ . . . êj . . . ∧ ek−p.
Therefore,
ϕpψpϕp(e) =
k − p
k
ϕp(e) +
1
k
ϕp(y)
where
y =
k−p∑
j=1
p∑
t=1
(−1)j−1ei1 · . . . êit . . . ·eip · ej ⊗ eit ∧ e1 ∧ . . . êj . . . ∧ ek−p.
Using (19), we have
ϕp(y) =
k−p∑
j=1
p∑
t=1
(−1)j−1ei1 · . . . ·eip · ej ⊗ e1 ∧ . . . êj . . . ∧ ek−p
+
k−p∑
j=1
p∑
t=1
j−1∑
l=1
(−1)j−1+l ei1 · . . . êit . . . ·eip · ej · el⊗eit ∧ e1 ∧ . . . êl . . . êj . . . ∧ ek−p
+
k−p∑
j=1
p∑
t=1
k−p∑
l=j+1
(−1)j+l ei1 · . . . êit . . . ·eip · ej · el⊗eit ∧ e1 ∧ . . . êj . . . êl . . . ∧ ek−p
= p ϕp(e)
since the two big summands on the indices l and j cancel. Hence, we have seen
that
ϕpψpϕp(e) =
k − p
k
ϕp(e) +
p
k
ϕp(e) = ϕp(e).

Although the Koszul complex is algebraic split, the short exact sequences µj(Ψk(E)∗)
are not orthogonal split and hence, its Bott-Chern form is not zero, as it would be
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desirable. In order to achieve this, we need to multiply each morphism ϕp of the
Koszul complex by 1√
k
.
Proposition 4.4. Let E be a hermitian vector bundle over a smooth proper complex
variety and consider the Koszul complex Ψk(E)∗, k ≥ 1. Then, the acyclic cochain
complex λk(Ψ
k(E)∗) satisfies that µj(λk(Ψk(E)∗)) is hermitian split for all j.
Proof. Let ιp and jp be the inclusions defined in (11), ϕp as defined in (12) and ψp
be defined as in the proof of the previous lemma.
Let us compute explicitly the squared norm of an element of imϕp by the two
hermitian metrics: the one induced by the inclusion into Sp+1E ⊗ ∧k−p−1 E and
the quotient metric induced by that of SpE ⊗∧k−p E. To prove the statement, we
need to see that the two norms are related by the factor 1/k.
Denote by ||ϕp(e)||i the norm of ϕp(e) in Sp+1E ⊗
∧k−p−1
E and by ||ϕp(e)||q
the norm of ϕp(e) given by considering it as a quotient of S
pE ⊗∧k−p E.
Assume that the rank of E is n and consider a orthonormal local frame in E,
e1, . . . , en. Then, {ei1⊗. . .⊗eik}i1,...,ik∈{1,...,n} forms a orthonormal basis of T k(E).
To ease the notation, let us write
e⊗i1,...,ik = ei1 ⊗ . . .⊗ eik .
For an element of the form
∑
λ∈I αλe
⊗
λ with I a subset of {1, . . . , n}k and αλ ∈ C,
the square of its norm is given by
∑
λ∈I α
2
λ.
Notation: If σ ∈ Gp and λ = (λ1, . . . , λp) ∈ {1, . . . , n}p we will write
σ(λ1, . . . , λp) = (λσ(1), . . . , λσ(p))
Renaming the indices, it is only necessary to compute the norms for an element
of the form
ϕp(e) with e = ei1 · . . . · eip ⊗ e1 ∧ . . . ∧ ek−p
where i1, . . . , ip ∈ {1, . . . , n}. Let mi denote the number of times that ei appears
in ei1 · . . . · eip . In this way, we have an equality
e = e·m11 · . . . · e·mnn ⊗ e1 ∧ . . . ∧ ek−p,
where e·mii = ei· mi. . . ·ei. Note that m1 + · · ·+mn = p.
Then, by (19), we have
ϕp(e) =
k−p∑
j=1
(−1)j−1 ei1 · . . . ·eip ·ej ⊗ e1 ∧ . . . êj . . . ∧ ek−p.
The norm ||ϕp(e)||i is computed as the norm of (ιp+1⊗jk−p−1)√
(p+1)!(k−p−1)! (ϕp(e)) in T
k(E).
The term (ιp+1 ⊗ jk−p−1)(ϕp(e)) is∑
σ∈Sp+1
τ∈Sk−p−1
(−1)|τ |
k−p∑
j=1
(−1)j−1e⊗
σ(i1,...,ip,j),τ(1,...,bj,...,k−p).
Its squared norm is given by the sum of the square of the number of occurrences
of each different summand. Given two different permutations τ, τ ′ ∈ Sk−p−1, we
have
e⊗
σ(i1,...,ip,j),τ(1,...,bj,...,k−p) 6= e
⊗
σ(i1,...,ip,j),τ ′(1,...,bj,...,k−p).
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Moreover, if j 6= j′, the terms obtained are different as well. The only repeti-
tions will come from the permutations σ, σ′ ∈ Sp+1 satisfying σ(i1, . . . , ip, j) =
σ′(i1, . . . , ip, j). For a fixed τ and j, there are
(p+1)!
m1!...(mj+1)!...mn!
different terms,
each of them appearing m1! . . . (mj + 1)! . . .mn! times (and with the same sign).
Therefore,
||ϕp(e)||2i =
(k − p− 1)!
(p+ 1)!(k − p− 1)!
k−p∑
j=1
(p+ 1)!(m1! . . . (mj + 1)! . . .mn!)
2
m1! . . . (mj + 1)! . . .mn!
=
k−p∑
j=1
m1! . . . (mj + 1)! . . .mn! = m1! . . .mn!
k−p∑
j=1
(mj + 1)
= m1! . . .mn! (k − p+
k−p∑
j=1
mj).
Let us proceed now to the computation of ||ϕp(e)||q. This norm is given by
|| 1√
p!(k−p)! (ιp ⊗ jk−p)(w)||Tk(E), where w ∈ (kerϕp)
⊥ satisfies ϕp(w) = ϕp(e). Let
us see that w = ψpϕp(e). Since we have already seen that ϕpψpϕp(e) = ϕp(e), it is
enough to check that ψpϕp(e) ∈ (kerϕp)⊥.
By (20), we have
kψpϕp(e) = (k − p)e+
k−p∑
j=1
(−1)j−1
p∑
t=1
ei1 · . . . êit . . . ·eip · ej⊗
⊗ eit ∧ e1 ∧ . . . êj . . . ∧ ek−p
If it ∈ {1, . . . , k − p} and it 6= j, we have eit ∧ e1 ∧ . . . êj . . . ∧ ek−p = 0. If it = j,
then
ei1 · . . . êit . . . ·eip · ej ⊗ eit ∧ e1 ∧ . . . êj . . . ∧ ek−p = (−1)j−1e.
Hence,
kψpϕp(e) =
`
k − p+
k−pX
j=1
mj
´
e+
+
k−pX
j=1
X
t∈{k−p+1,...,n}
mt6=0
(−1)j−1mt
„
e·m11 . . . e
·mj+1
j . . . e
·mt−1
t . . . e
·mn
n ⊗
⊗ et ∧ e1 ∧ . . . bej . . . ∧ ek−p
«
.
Let Φ = (ιp ⊗ jk−p). Denote by A = 1k
(
k − p + ∑k−pj=1 mj)Φ(e) and B =
Φ(ψpϕp(e))−A. We have:
A =
1
k
(
k − p+
k−p∑
j=1
mj
) ∑
σ∈Sp
τ∈Sk−p
(−1)|τ |e⊗
σ(i1,...,ip),τ(1,...,k−p).
B =
1
k
k−p∑
j=1
∑
t∈{k−p+1,...,n}
mt6=0
(−1)j−1
∑
σ∈Sp
τ∈Sk−p
(−1)|τ |
mt e
⊗
σ(1m1 ,...,jmj+1,...,tmt−1,...,nmn )
⊗ e⊗
τ(t,1,...,bj,...,k−p).
We want to see that (A+B) belongs to Φ(kerϕp)
⊥ = Φ(imϕp−1)⊥ in T k(E). Let
v = ϕp−1(f), where f = er1 · . . . ·erp−1 ⊗ es1 ∧ . . .∧ esk−p+1 , with s1 < · · · < sk−p+1.
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Then,
v =
k−p+1∑
t=1
(−1)t−1 er1 · . . . ·erp−1 ·est ⊗ es1 ∧ . . . êst . . . ∧ esk−p+1 ,
and so
Φ(v) =
k−p+1∑
t=1
(−1)t−1
∑
σ∈Sp
τ∈Sk−p
(−1)|τ |e⊗
σ(r1,...,rp−1,st),τ(s1,..., bst,...,sk−p+1).
It is straightforward to see that the scalar product 〈Φ(v), A〉 is 0, unless f =
er1 · . . . ·erp−1 ⊗ e1 ∧ . . . ∧ ek−p ∧ es with {i1, . . . , ip} = {r1, . . . , rp−1, s} and s ∈
{k − p + 1, . . . , n}. For B, we have two situations where it is not obvious that
〈Φ(v), B〉 is 0. The first of them is the same as above. The second is the case
where there exists an index j such that {1, . . . , ĵ, . . . , k − p} = {s1, . . . , sk−p−1},
sk−p, sk−p+1 > k − p and {r1, . . . , rp−1} = {i1, . . . , ip, j} \ {sk−p, sk−p+1}.
In the first scenario ( f = er1 · . . . ·erp−1 ⊗ e1 ∧ . . .∧ ek−p ∧ es with {i1, . . . , ip} =
{r1, . . . , rp−1, s} and s ∈ {k − p+ 1, . . . , n}), we have
〈Φ(v), A〉 = α ·
∑
σ,σ′∈Sp
τ,τ ′∈Sk−p
(−1)|τ |+|τ ′|
(
〈e⊗
σ(i1,...,ip),τ(1,...,k−p),
e⊗
σ′(r1,...,rp−1,s),τ ′(1,...,k−p)〉
)
= α ·
∑
τ∈Sk−p
∑
σ,σ′∈Sp
〈e⊗
σ(i1,...,ip),τ(1,...,k−p),
e⊗
σ′(r1,...,rp−1,s),τ(1,...,k−p)〉
with α = (−1)
k−p
k
(
k − p +∑k−pj=1 mj). Note that for every σ ∈ Sp, the number of
σ′ ∈ Sp such that
〈e⊗
σ(i1,...,ip),τ(1,...,k−p), e
⊗
σ′(r1,...,rp−1,s),τ(1,...,k−p)〉 = 1
is the same. This number is λ = m1! . . .mn!. Then,
〈Φ(v), A〉 = α ·
∑
τ∈Sk−p
∑
σ∈Sp
λ =
(−1)k−p
k
(
k − p+
k−p∑
j=1
mj
)
(k − p)!p!λ
=
(−1)k−p
k
(k − p)!p!(k − p+ k−p∑
j=1
mj
)
λ.
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We proceed in the same way for B:
〈Φ(v), B〉 = 1
k
k−p∑
j=1
∑
t∈{k−p+1,...,n}
mt6=0
∑
σ,σ′∈Sp
τ,τ ′∈Sk−p
k−p+1∑
l=1
(−1)j+l(−1)|τ |+|τ ′|mt
〈e⊗
σ(1m1 ,...,jmj+1,...,tmt−1,...,nmn ),τ(t,1,...,bj,...,k−p),
e⊗
σ′(r1,...,rp−1,l),τ ′(1,...,bl,...,s)〉
=
1
k
k−p∑
j=1
∑
σ,σ′∈Sp
τ∈Sk−p
(−1)k−p+1ms
〈e⊗
σ(1m1 ,...,jmj+1,...,sms−1,...,nmn ),τ(1,...,bj,...,k−p,s),
e⊗
σ′(r1,...,rp−1,j),τ(1,...,bj,...,s)〉
=
1
k
(−1)k−p+1ms(k − p)!p!
k−p∑
j=1
m1! . . . (mj + 1)! . . . (ms − 1)! . . .mn!
=
(k − p)!p!
k
(−1)k−p+1λ(k − p+
k−p∑
j=1
mj)
= −Φ(v) ·A.
Therefore,
〈Φ(v), A +B〉 = 0
in T k(E) for all v ∈ imϕp−1 of the first form.
Let us consider now the second non-trivial scenario, that is, assume there exists
an index j such that {1, . . . , ĵ, . . . , k−p} = {s1, . . . , sk−p−1}, we have sk−p, sk−p+1 >
k − p, and {r1, . . . , rp−1} = {i1, . . . , ip, j} \ {sk−p, sk−p+1}. Then, 〈Φ(v), A〉 = 0
and we have (with β a constant):
〈Φ(v), B〉 = β
∑
t∈{k−p+1,...,n}
mt6=0
k−p+1∑
l=1
∑
σ,σ′∈Sp
τ,∈Sk−p
mt
〈e⊗
σ(1m1 ,...,jmj+1,...,tmt−1,...,nmn ),τ(1,...,bj,...,k−p,t),
e⊗
σ′(r1,...,rp−1,sl),τ(s1,...,bsl,...,sk−p+1)〉
= βp!(k − p)!m1! . . . (mj + 1)! . . .mn!
(
(−1)k−p−1 + (−1)k−p)
= 0,
where we have used that the only indices such that the scalar product is non-zero
are the pairs l = k − p, t = sk−p+1 and l = k − p+ 1, t = sk−p.
We have obtained that 〈Φ(v), A+B〉 = 0 in T k(E) for all v ∈ imϕp−1 as desired.
We proceed now to compute the norm ||ϕp(e)||q which is given by∥∥∥∥∥ 1√p!(k − p)! (A+B)
∥∥∥∥∥
Tk(E)
.
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As above, we should group the different summands of A and B if they are the same.
In order to do this, observe that the terms obtained for different permutations τ ,
different j or different t are not equal. Moreover, the summands in A are all
different from the summands in B. Therefore, the only repetitions are obtained by
the permutations σ ∈ Sp.
With these observations we obtain, as in the computation of || · ||i:
||A||2q
p!(k − p)! =
1
k2
(
k − p+
k−p∑
j=1
mj
)2
m1! . . .mn!
||B||2q
p!(k − p)! =
1
k2p!(k − p)!
k−p∑
j=1
∑
t∈{k−p+1,...,n}
mt6=0
∑
τ∈Sk−p
p!(mt)
2(m1! . . . (mj + 1)! . . . (mt − 1)! . . .mn!)2
m1! . . . (mj + 1)! . . . (mt − 1)! . . .mn!
=
1
k2
k−p∑
j=1
∑
t∈{k−p+1,...,n}
mt6=0
mt m1! . . . (mj + 1)! . . .mn!
Therefore,
||ϕp(e)||2q =
m1! . . .mn!
k2
[(
k − p+
k−p∑
j=1
mj
)2
+
k−p∑
j=1
n∑
t=k−p+1
mt(mj + 1)
]
=
m1! . . .mn!
k2
[(
k − p+
k−p∑
j=1
mj
)2
+
( k−p∑
j=1
(mj + 1)
)( n∑
t=k−p+1
mt
)]
.
Note that
n∑
t=k−p+1
mt = p−
k−p∑
j=1
mj .
Hence, denoting β = m1!...mn!
k2
, we have
||ϕp(e)||2q = β
[(
k − p+
k−p∑
j=1
mj
)2
+
(
k − p+
k−p∑
j=1
mj
)(
p−
k−p∑
j=1
mj
)]
= βk
(
k − p+
k−p∑
j=1
mj
)
=
m1! . . .mn!
k
(
k − p+
k−p∑
j=1
mj
)
.
Therefore,
||ϕp(e)||2i
||ϕp(e)||2q
= k.
It follows that if we define ϕ′p =
1√
k
ϕp we have
||ϕ′p(e)||2i =
1
k
||ϕp(e)||2i = ||ϕp(e)||2q = ||ϕ′p(e)||2q.
The last equality follows from the fact that if w ∈ (kerϕp)⊥ satisfies ϕp(w) = ϕp(e)
then w ∈ (kerϕ′p)⊥ and ϕ′p(w) = ϕ′p(e). 
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Remark 4.4. Note that if we had defined from the very beginning the arrows ϕp of
the Koszul complex ΨK to be 1√
k
ϕp, then we would not have the isometry of chain
complexes (15).
Corollary 4.1. Let E be a hermitian vector bundle. Then, for all 0 ≤ j ≤ k − 1
we have
dD ch(µj(Ψk(E)∗)) = 0.
Proof. Consider the commutative diagram of short exact sequences
0 // kerϕp //
=

SpE ⊗
Vk−p E ϕp //
=

kerϕp+1 //
1√
k

0
0 // ker( 1√kϕp)
// SpE ⊗
Vk−p E 1√kϕp // ker( 1√kϕp+1) // 0.
By last proposition, ch(µj(λkΨ
k(E)∗)) = 0. Hence
dD ch(µj(Ψk(E)∗)) = dD ch(µj(λkΨk(E)∗))− dD ch(idkerϕp)
+dD ch(idSpE⊗Vk−p)− dD ch(kerϕp+1
1√
k−−→ kerϕp+1)
= 0.

Adams operations and the secondary Euler characteristic. Let E be a locally free
sheaf of finite rank and let
ψk(E) = Nk(λ
1(E), . . . , λk(E)),
with Nk being the k-th Newton polynomial. These are the Adams operations
associated to the lambda operations λk on locally free sheaves of finite rank. Let
Ψk(E) be the secondary Euler characteristic class of the Koszul complex of E. As
shown by Grayson in [Gra92, §3], the secondary Euler characteristic class of the k-
th Koszul complex agrees, in the quotient groupK0(X), with the usual k-th Adams
operation. Therefore, in K0(X),
ψk(E) = Ψk(E).
This means that there exist short exact sequences s1, . . . , sr such that
ψk(E)−Ψk(E) =
r∑
i=1
d(si).
In the next proposition, we construct explicitly such a set of short exact sequences.
For that, let Ψk(E)t∗ denote the Koszul complex obtained by changing the p-th
component SpE ⊗∧k−p E by ∧k−p E ⊗ SpE via the canonical isomorphism.
Proposition 4.5. Let E be a locally free sheaf of finite rank. Then,
ψk(E) −Ψk(E) =
r∑
i=1
d(si)
with si being µ
p(Ψki(E)t∗)⊗Ai, with Ai some locally free sheaves of finite rank of the
form
∧ji E or T jiE and some indices ki, p, ji or si being the canonical isomorphisms∧k−p
E ⊗ SpE ∼= SpE ⊗∧k−p E.
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Proof. Consider the polynomial relating the lambda and Adams operations:
(21) ψk = ψk−1λ1 − ψk−2λ2 + · · ·+ (−1)k−1kλk.
For two linear combinations of locally free sheaves of finite rank, write A ≃ B
if there exist short exact sequences s1, . . . , sl, in the form of the statement of the
proposition, such that
A−B =
l∑
i=1
d(si).
Let Lk = {(i1, . . . , il)| ij ∈ {1, . . . , k}, i1 + · · · + il = k} be the set of partitions
of k and let Sk denote the symmetric product. We will show, first of all, that
Sk ≃
∑
(i1,...,il)∈Lk
(−1)l+kλi1 . . . λil .
We prove this result by induction on k. For k = 1, the statement is obvious since
S1 = λ1 = id. Assume that the result is true up to k. Considering the (k + 1)-th
Koszul complex Ψk+1(E)t∗, we have
Sk+1 ≃
k+1∑
i=1
(−1)i+1λi ⊗ Sk+1−i.
By induction hypothesis,
Sk+1 ≃
k+1∑
i=1
(−1)i+1λi ⊗
 ∑
(i1,...,il)∈Lk+1−i
(−1)l+k+1−iλi1 . . . λil

≃
∑
(i,i1,...,il)∈Lk+1
(−1)(l+1)+(k+1)λiλi1 . . . λil
as desired.
Next, observe that by definition Ψ1 = ψ1. Hence, if we show that Ψk satisfies
the recursive formula (21), up to short exact sequences of the desired form, we are
done. By definition,
Ψk(E) =
∑
p≥0
(−1)k−p+1(k − p)Sp(E)⊗
∧k−p
E
≃
∑
p≥0
(−1)k−p+1(k − p)λk−pE ⊗ SpE.
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Hence, using the previous relation for Sk, we have (omitting the writing of the
locally free sheaf E):
Ψk ≃
∑
p≥0
(−1)k−p+1(k − p)λk−p ⊗
 ∑
(i1,...,il)∈Lp
(−1)l+pλi1 . . . λil

≃
∑
p≥0
∑
(i1,...,il)∈Lp
(−1)k+l+1(k − p)λk−pλi1 . . . λil
≃
∑
(i1,...,il+1)∈Lk
(−1)k+l+1i1λi1λi2 . . . λil+1
≃ (−1)k+1kλk +
k−1∑
s=1
(−1)s
 ∑
(i1,...,il)∈Lk−s
(−1)k+l+1−si1λi1 . . . λil
λs
≃ (−1)k+1kλk −
k−1∑
s=1
(−1)sΨk−sλs.
This finishes the proof of the proposition. 
Remark 4.5. Note that last proposition applies to any suitable exact category where
Grayson’s Adams operations are defined, that is, where the correct notion of sym-
metric, exterior and tensor product is available (see [Gra92]).
Let X be a proper arithmetic variety over Z. Let
Ψk : D2p−∗(X, p)→ D2p−∗(X, p)
be the morphism that maps α to kpα. That is, we endow
⊕
p≥0D2p−∗(X, p) with
the canonical λ-ring structure corresponding to the graduation given by p.
Proposition 4.6. Let X be a proper arithmetic variety and let E be a hermitian
vector bundle over X. Then,
Ψk ch(E) = chΨk(E)
in the group
⊕
p≥0D2p(X, p).
Proof. In [GS90b, Lemma 7.3.3] Gillet and Soule´ proved that λk ch = chλk from
where it follows that
ψk(ch(E)) = ch(ψk(E)).
Observe that by definition,
Ψk(ch(E)) = ψk(ch(E)).
By proposition 4.5, there are short exact sequences si being µ
p(Ψki(E)t∗)⊗Ai,
with Ai some locally free sheaves of the form
∧ji E or T jiE and some indices
ki, p, ji, or si being the canonical isomorphisms
∧k−p
E ⊗ SpE ∼= SpE ⊗∧k−p E,
such that
ψk(E)−Ψk(E) =
r∑
i=1
d(si).
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These short exact sequences si are endowed with the hermitian metric induced by
the hermitian metrics hV∗(E), hT∗(E) and hΨ∗∗(E)t . By Corollary 4.1 it follows that
ch(ψk(E))− ch(Ψk(E)) =
r∑
i=1
dD ch(si) = 0
and hence
ch(Ψk(E)) = ch(ψk(E))
and the proposition is proved. 
The Bott-Chern form of the Koszul complex. For any acyclic cochain complex of
hermitian vector bundles, A : 0 → A0 f
0
−→ · · · f
j−1
−−−→ Aj f
j
−→ · · · f
k−1
−−−→ Ak → 0, the
Bott-Chern form of A is defined by
ch(A) = ch(µ(A)) =
∑
j≥0
(−1)j−1 ch(µj(A)).
Proposition 4.7. Let X be a smooth complex variety and let E be a hermit-
ian vector bundle. With the metrics on the Koszul complex Ψk(E)∗ induced by
hV∗(E), hT∗(E) and hS∗(E), we have
ch(Ψk(E)∗) =
(−1)k+1 log(k)
2
Ψk(ch(E))
in
⊕
p≥0D2p−1(X, p).
Proof. Consider the commutative diagram of acyclic chain complexes (we omit the
hermitian vector bundle E):
0 //
Vk ϕ0 //
√
k
k
Id

S1 ⊗
Vk−1 ϕ1 //
√
k
k−1
Id

. . . // Sp ⊗
Vk−p ϕp //
√
k
k−p
Id

. . . // Sk−1 ⊗
V
1
ϕk−1//
√
k Id

Sk //
Id

0
0 //
Vk
ϕ0√
k
// S1 ⊗
Vk−1
ϕ1√
k
// . . . // Sp ⊗
Vk−p
ϕp√
k
// . . . // Sk−1 ⊗
V1
ϕk−1√
k
// Sk // 0,
with the first row standing at degree 1 and the second at degree 2. Let ch(
√
k
k−p
IdSpE⊗Vk−p E)
denote ch(0→ SpE ⊗∧k−pE √kk−p Id−−−−−−→ SpE ⊗∧k−p E). It follows that
ch(Ψk(E)∗) = ch(λk(Ψk(E)∗)) +
k∑
p=0
(−1)p+1 ch(
√
k
k−p
IdSpE⊗Vk−p E)
By Proposition 4.4, we know that ch(λk(Ψ
k(E)∗)) = 0. By Lemma 4.3 below, we
have that ch(a IdF ) = − log(a) ch(F ) for any hermitian vector bundle F and a > 0
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a real number. Therefore, we get
ch(Ψk(E)∗) =
k∑
p=0
(−1)p+1 log(
√
k
k−p
) ch(SpE ⊗
∧k−p
E)
=
k∑
p=0
(−1)p(k − p) log(
√
k) ch(SpE ⊗
∧k−p
E)
= (−1)k+1 log(
√
k)
k∑
p=0
(−1)k−p+1(k − p) ch(SpE ⊗
∧k−p
E)
= (−1)k+1 log(
√
k) ch(Ψk(E)) =
(−1)k+1 log(k)
2
Ψk(ch(E)),
where the last equality follows from Proposition 4.6.

Lemma 4.3. Let X be a smooth complex variety, let F be a hermitian vector bundle
over X and let a be a non-zero complex number. Then,
ch(0→ F a Id−−→ F ) = − log(||a||) ch(F )
in
⊕
p≥0D2p−1(X, p).
Proof. Let ch(a Id) denote ch(0 → F a Id−−→ F ). Consider t = x/y the local coordi-
nates on P1. By definition,
ch(a Id) =
1
2πi
∫
P1
ch(tr1(a Id)) ∧
(1
2
log tt¯
)
.
Let h denote the hermitian metric of F . Let ξ be a local frame for F on an open set
U . By [BKK05], the determined local frame on tr1(a Id) ∼= p∗0F has metric given
by the matrix
yy¯h(ξ) + xx¯||a||2h(ξ)
yy¯ + xx¯
=
yy¯ + xx¯||a||2
yy¯ + xx¯
h(ξ) =
1 + ||a||2tt¯
1 + tt¯
h(ξ)
using local projective coordinates. Let ha =
1+||a||2tt¯
1+tt¯ .
Let p0, p1 : X×P1 → P1 be the projections onto the first and second coordinates
respectively. Since the hermitian metric on tr1(a Id) is expressed as the product of
a hermitian metric on the line bundle O(1) and the hermitian metric h of F , we
have
ch(tr1(a Id)) = ch(p
∗
1O(1), ha) ∧ ch(p∗0F ).
Hence,
ch(a Id) =
1
2πi
(∫
P1
ch(p∗1O(1), ha) ∧
(1
2
log tt¯
)) ∧ ch(F )
=
1
2πi
(∫
P1
c1(p
∗
1O(1), ha) ∧
(1
2
log tt¯
)) ∧ ch(F )
=
− log(||a||2)
2
ch(F ) = − log(||a||) ch(F ).

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4.3. Adams operations and the Beilinson regulator. We will define the Adams
operations on the rational higher arithmetic K-groups of X from a commutative
diagram of the form
(22) NĈ∗(X)
ch //
Ψk

⊕
p≥0D2p−∗(X, p)
Ψk

Z˜Ĉ
eP
∗ (X) ch
//
⊕
p≥0D2p−∗(X, p).
We proceed as follows:
(1) We first define the bottom arrow ch : Z˜Ĉ
eP
∗ (X)→
⊕
p≥0D2p−∗(X, p).
(2) We show that there are isomorphisms
Hn(s(ĉh),Q) ∼= K̂n(X)Q,
Ĥn(Z˜Ĉ
eP
∗ (X), ch)Q ∼= K̂Tn (X)Q,
with ĉh the composition
Z˜Ĉ
eP
∗ (X)
ch−→
⊕
p≥0
D2p−∗(X, p)→
⊕
p≥0
σ>0D2p−∗(X, p).
(3) We prove that the diagram (22) is commutative.
Let E ∈ Ĉn(X × (P1)m) be a hermitian n-cube on X × (P1)m. We define
chn,m(E) :=
(−1)n(m+1)
(2πi)n+m
∫
(P1)n+m
ch(trn(λ(E))) •Wn+m ∈
⊕
p≥0
D2p−n−m(X, p).
Proposition 4.8. There is a chain morphism
ch : Z˜Ĉ
eP
∗ (X)→
⊕
p≥0
D2p−∗(X, p),
which maps E ∈ Ĉn(X × (P1)m) to chn,m(E). The composition
Kn(X)→ Hn(Z˜ĈeP∗ (X),Q) ch−→
⊕
p≥0
H2p−nD (X, p),
is the Beilinson regulator.
Proof. First of all, observe that the map “ch” is well defined. Indeed, if E =
p∗iO(1) ⊗ F , then ch(E) ∈ σiD2p−∗(X × (P1)n−1, p − 1) + ωi ∧ σiD2p−∗−2(X ×
(P1)n−1, p− 1) and hence ch(E) = 0.
In order to prove that the map “ch” is a chain morphism, observe that “ch”
factors as
Z˜Ĉ
eP
n,m(X)
ch−→
⊕
p≥0
D˜2p−n,mP (X, p)
ϕ−→
⊕
p≥0
D2p−n−m(X,R(p)),
where ϕ is the quasi-isomorphism of Proposition 1.2 and ch(E) = chn,m(E) is
defined by
chn,m(E) = (−1)n(m+1) ch(trn(λ(E))) ∈
⊕
p≥0
D˜2p(X × (P1)m+n, p),
for any E ∈ Ĉn(X×(P1)m). Hence, it is enough to see that ch is a chain morphism.
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Let E ∈ Z˜Ĉn,m(X). Since ch is a closed differential form, we have
ds(chn,m(E)) = (−1)nmδ ch(trn(λ(E)))
=
m∑
i=1
(−1)i+nm ch(trn(λ(δ1iE − δ0iE)))
+
n+m∑
i=m+1
2∑
j=0
(−1)i+j+nm ch(trn(λ(∂ji−mE)))
= (−1)nchn,m−1(δE) + chn−1,m(dE),
as desired.
Finally, since by definition there is a commutative diagram
Z˜Ĉ∗(X)
i ∼=

ch
++WWWW
WW
WW
WW
WW ⊕
p≥0
D2p−∗(X, p),
Z˜Ĉ
eP
∗ (X)
ch
33gggggggggggg
the morphism ch induces the Beilinson regulator. 
We have therefore constructed the bottom arrow of diagram (22). For the next
proposition, let ĉh : Z˜Ĉ
eP
∗ (X) →
⊕
p≥0 σ>0D2p−∗(X, p) be the composition of the
morphism defined in Proposition 4.8 with the natural projection
⊕
p≥0D2p−∗(X, p)→⊕
p≥0 σ>0D2p−∗(X, p).
Proposition 4.9. There are isomorphisms
Ĥn(Z˜Ĉ
eP
∗ (X), ch)Q ∼= K̂Tn (X)Q,
Hn(s(ĉh),Q) ∼= K̂n(X)Q,
induced by the isomorphism Hn(Z˜C
eP
∗ (X),Q) ∼= Kn(X)Q of Proposition 4.2.
Proof. Both isomorphisms are a consequence of Proposition 4.2, and the five lemma
using the exact sequences of Lemma 3.1 and Proposition 2.1. 
At this point, all that remains to see is that the diagram (22) is commutative.
This will be a consequence of the next series of lemmas and propositions.
The next lemma tells us that the morphism “ch” maps the split exact sequences
to zero in the complex
⊕
p≥0 D˜2p−∗P (X, p).
Lemma 4.4. Let X be a smooth proper complex variety. Consider a split exact
sequence
E : 0→ E0 → E0 ⊕ E1 → E1 → 0
of hermitian vector bundles over X. Then, in the complex
⊕
p≥0 D˜2p−∗P (X, p), it
holds ch(E) = 0.
Proof. Clearly, the exact sequence E already has canonical kernels. Let us compute
ch(tr1(E)). By definition, tr1(E) is the kernel of the morphism
E
0
(1)⊕ E1(1)⊕ E1(1) → E1(2)
(a, b, c) 7→ b⊗ x− c⊗ y.
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For every locally free sheaf B, there is a short exact sequence
0→ B f−→ B(1)⊕B(1) g−→ B(2)→ 0
where f sends b to (b⊗y, b⊗x) and g sends (b, c) to b⊗x−c⊗y. Moreover, if B is a
hermitian vector bundle, then the monomorphism f preserves the hermitian metric.
It follows that the hermitian vector bundle tr1(E) is E
0
(1)⊕ E1 and therefore
ch(tr1(E)) = ch(E
0
(1)⊕ E1) = ch(E0(1)) + ch(E1).
Since ch(O(1)) = 1+ω ∈ D21+W21 , the differential form ch(E
0
(1))+ch(E
1
) is zero
in the complex
⊕
p≥0 D˜2p−∗P (X, p). 
Lemma 4.5. Let n > 0 and let E ∈ ZĈn(X × (P1)m) be a hermitian n-cube which
is split in the last direction, that is, for every j ∈ {0, 1, 2}n−1, the 1-cube
(∂0nE)
j → (∂1nE)j → (∂2nE)j
is hermitian split. Then,
chn,m(E) = 0
in
⊕
p≥0D2p−n−m(X, p).
Proof. Recall that if E is a hermitian n-cube
trn(E) = tr1 trn−1(E) = tr1
(
trn−1(∂0nE)→ trn−1(∂1nE)→ trn−1(∂2nE)
)
.
Then, if E is split in the last direction, the 1-cube
trn−1(∂0nE)→ trn−1(∂1nE)→ trn−1(∂2nE)
is orthogonally split. Then, the result follows from Lemma 4.4. 
Corollary 4.2. Let n > 0 and let E ∈ ZĈn(X×(P1)m) be a hermitian n-cube which
is split in any direction. Then chn,m(E) = 0 in the group
⊕
p≥0D2p−n−m(X, p).

Theorem 4.1. Let X be a proper arithmetic variety over Z. The diagram
NĈ∗(X)
ch //
Ψk

⊕
p≥0D2p−∗(X, p)
Ψk

Z˜Ĉ
eP
∗ (X) ch
//
⊕
p≥0D2p−∗(X, p)
is commutative.
Proof. Let E be a hermitian n-cube. If n ≥ 2, then by Proposition 4.1, all the
cubes in the image of Ψk are hermitian split in at least one direction. Therefore,
by Corollary 4.2, they vanish after applying “ch”. The same reasoning applies to
some of the summands of the image of Ψk when n = 1. The rest of the terms are
hermitian 1-cubes of the form µ(A) with A = λl(Ψ
l(F )∗)⊗G or A = F⊗λl(Ψl(G)∗)
for some hermitian bundles F ,G. By Proposition 4.4, these terms vanish as well
after applying “ch”.
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Finally, if n = 0, by Proposition 4.6 and the definition of Ψk on differential
forms, we have
ch(Ψk(E)) =
(−1)n
(2πi)n
∫
(P1)n
ch(Ψk(trn(λ(E)))) ∧Wn
=
(−1)n
(2πi)n
∫
(P1)n
Ψk(ch(trn(λ(E)))) ∧Wn
= Ψk(ch(E)).

4.4. Adams operations on higher arithmetic K-theory. Let X be a proper
arithmetic variety over Z. Proposition 4.9 and Theorem 4.1 enable us to define, for
every k ≥ 0, the Adams operation on higher arithmetic K-groups :
◮ Since the simple complex associated to a morphism is a functorial construc-
tion, for every k there is an Adams operation morphism on the Deligne-
Soule´ higher arithmetic K-groups:
Ψk : K̂n(X)Q → K̂n(X)Q, n ≥ 0.
◮ By Proposition 3.1 for every k there is an Adams operation morphism on
the Takeda higher arithmetic K-groups:
Ψk : K̂Tn (X)Q → K̂Tn (X)Q, n ≥ 0.
We have proved the following theorems.
Theorem 4.2 ((Adams operations)). Let X be a proper arithmetic variety over
Z and let K̂n(X) be the n-th Deligne-Soule´ arithmetic K-group. There are Adams
operations
Ψk : K̂n(X)Q → K̂n(X)Q,
compatible with the Adams operations in Kn(X)Q and
⊕
p≥0H
2p−n
D (X,R(p)), by
means of the morphisms a and ζ.

Theorem 4.3 ((Adams operations)). Let X be a proper arithmetic variety over
Z and let K̂Tn (X) be the n-th arithmetic K-group defined by Takeda in [Tak05].
Then, for every k ≥ 0 there exists an Adams operation morphism Ψk : K̂Tn (X)Q →
K̂Tn (X)Q such that the following diagram is commutative:
Kn+1(X)Q
ch //
Ψ
k

L
p≥0 eD2p−n−1(X, p) a //
Ψ
k

bKTn (X)Q ζ //
Ψ
k

Kn(X)Q
Ψ
k

// 0
Kn+1(X)Q
ch //L
p≥0 eD2p−n−1(X, p) a // bKTn (X)Q ζ // Kn(X)Q // 0.
Moreover, the diagram
K̂Tn (X)Q
ch //
Ψk

⊕
p≥0D2p−n(X, p)
Ψk

K̂Tn (X)Q ch
//
⊕
p≥0D2p−n(X, p)
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is commutative

Lambda operations. Let X be a proper arithmetic variety over Z. Consider
the product structure on K̂∗(X)Q defined before Lemma 3.2. Then, by the relation
between the Adams and λ operations in a λ-ring (which is a Q-algebra), there are
induced λ-operations
λk : K̂n(X)Q → K̂n(X)Q.
Corollary 4.3 ((Pre-λ-ring)). Let X be a proper arithmetic variety over Z. Then,
K̂∗(X)Q is a pre-λ-ring. Moreover, there is a commutative square
K̂n(X)Q
ζ //
λk

Kn(X)Q
λk

K̂n(X)Q
ζ // Kn(X)Q
Proof. The diagram is commutative since the Adams and lambda operations in
K∗(X) are related under the product structure onK∗(X) which is zero in
⊕
n≥1Kn(X).

Proposition 4.10. Let X be a proper arithmetic variety over Z. The Adams
operations given here for K̂0(X)Q agree with the ones given by Gillet and Soule´ in
[GS90b].
Proof. It follows from the definition. 
Consider the product structure in
⊕
n≥0 K̂
T
n (X)Q having
⊕
n≥1 K̂
T
n (X)Q as a
zero square ideal and agrees with the product defined by Takeda in [Tak05] other-
wise.
Corollary 4.4 ((Pre-λ-ring)). Let X be a proper arithmetic variety over Z. Then,
K̂T∗ (X)Q is a pre-λ-ring. Moreover, there is a commutative square
K̂Tn (X)Q
ζ //
λk

Kn(X)Q
λk

K̂Tn (X)Q
ζ // Kn(X)Q
Proof. The proof is analogous to the proof of Corollary 4.3. 
Remark 4.6. One way to prove that the pre-λ-ring structure on K̂∗(X)Q given here
is actually a λ-ring structure, it is necessary to find precise exact sequences relating,
at the level of vector bundles, the equalities in K0(X)
Ψk(E ⊗ F ) = Ψk(E)⊗Ψk(F ),
Ψk(Ψl(E)) = Ψkl(E).
This implies finding formulas for∧k
(E ⊗ F ),
∧k (∧l
(E)
)
,
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in terms of tensor and exterior products. The theory of Schur functors, gives
a formula for the first term. However, the second formula is an open problem.
Nevertheless, even for the first equality, when we try to apply the formulas to our
concrete situation, the combinatorics become really complicated.
It would desirable and interesting to find a non-direct approach in order to prove
these relations. One attempt could be to go through the “Arakelov” representation
ring on the linear group scheme over Z, R̂Z(GLn ×GLm) introduced by Ro¨ssler in
[Roe01].
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